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WHAT ARE WE TALKING ABOUT TODAY?
▸ Maxwell equations: it might seem odd, but even thought they are 

at the foundations of magnetism, you seldom use them directly. 

▸ Magnetic moments, dipoles: in a more phenomenological 
approach, magnetic moments are useful tools to understand the 
fundamentals of magnetism. 

▸ Units: because they are less obvious than it could seem (different 
similar but not identical quantities, different systems of units, …). 

▸ Fields: depending on how you look at things, you have applied 
fields, internal fields, demagnetising fields, magnetisations, 
magnetic inductions, etc. All are interdependent, not all have the 
same sources, not all can be measured, those that can require 
different techniques, …



MAXWELL EQUATIONS



EVERYTHING STARTS HERE
<latexit sha1_base64="VuwrDbCTWI0esYQiy/FmTD18RmI="></latexit>

→ · ωE =
ε

ϑ0

<latexit sha1_base64="C6qSoFtZiWnKkgY5Qs3r1Rg1MhU=">AAAB/3icdVDLSsNAFJ34rPUVFdy4GSyCq5BoW3UhlLpxWcE+oAllMpm0QyeTMDMplNiFv+LGhSJu/Q13/o2TtoKKHrhwOOde7r3HTxiVyrY/jIXFpeWV1cJacX1jc2vb3NltyTgVmDRxzGLR8ZEkjHLSVFQx0kkEQZHPSNsfXuV+e0SEpDG/VeOEeBHqcxpSjJSWeua+y5HPkIuDWLkjgrP6BF5Cu2eWbOsixymckWpO7LJjOxXoWPYUJTBHo2e+u0GM04hwhRmSsuvYifIyJBTFjEyKbipJgvAQ9UlXU44iIr1sev8EHmklgGEsdHEFp+r3iQxFUo4jX3dGSA3kby8X//K6qQrPvYzyJFWE49miMGVQxTAPAwZUEKzYWBOEBdW3QjxAAmGlIyvqEL4+hf+T1onlVK3KTblUq8/jKIADcAiOgQPOQA1cgwZoAgzuwAN4As/GvfFovBivs9YFYz6zB37AePsEmJ2V2g==</latexit>

→ · ωB = 0

<latexit sha1_base64="hXB0rtAwpcW29ooxercryFM6LIw="></latexit>

→↑ ωE = ↓ε ωB

εt
<latexit sha1_base64="CGCwm3aRkaVy+Un2WkfHx8n+Stw="></latexit>

→↑ ωB = µ0

(
ωJ + ε0

ϑ ωE

ϑt

)

<latexit sha1_base64="Sma+YmaAA1ef62xA/j98sJ18gV0=">AAACEHicdZBLSwMxFIUzPmt9jbp0EyyiqzKjbdWFUHyAywr2AZ2hZNLbNjTzIMkUytCf4Ma/4saFIm5duvPfmGkrPtADgY9zbkju8SLOpLKsd2Nmdm5+YTGzlF1eWV1bNzc2azKMBYUqDXkoGh6RwFkAVcUUh0YkgPgeh7rXP0/z+gCEZGFwo4YRuD7pBqzDKFHaapl7zgBocjHCp9iBSDKuTesLBR7nl6OWmbPyJ6kO8QRKKVgF27KL2M5bY+XQVJWW+ea0Qxr7ECjKiZRN24qUmxChGOUwyjqxhIjQPulCU2NAfJBuMl5ohHe108adUOgTKDx2v99IiC/l0Pf0pE9UT/7OUvOvrBmrzrGbsCCKFQR08lAn5liFOG0Ht5kAqvhQA6GC6b9i2iOCUKU7zOoSPjfF/0PtIG+X8sXrQq58Nq0jg7bRDtpHNjpCZXSFKqiKKLpF9+gRPRl3xoPxbLxMRmeM6Z0t9EPG6we/cZ0Z</latexit>

ωD = ε0εr ωE

<latexit sha1_base64="vgzUm/T0XjZZIf1DAPzf7wpB1V4=">AAACBnicdVDLSsNAFJ3UV62vqEsRBovgKiTaVl0IpW66rGAf0IQwmU7boZMHM5NCCVm58VfcuFDErd/gzr9xklZQ0QP3cjjnXmbu8SJGhTTND62wtLyyulZcL21sbm3v6Lt7HRHGHJM2DlnIex4ShNGAtCWVjPQiTpDvMdL1JteZ350SLmgY3MpZRBwfjQI6pBhJJbn6oT0lOGmk8ArafuyaeecwV5upq5dN4zLDGZyTWkbMimVaVWgZZo4yWKDl6u/2IMSxTwKJGRKib5mRdBLEJcWMpCU7FiRCeIJGpK9ogHwinCQ/I4XHShnAYchVBRLm6veNBPlCzHxPTfpIjsVvLxP/8vqxHF44CQ2iWJIAzx8axgzKEGaZwAHlBEs2UwRhTtVfIR4jjrBUyZVUCF+Xwv9J59Swakb1plKuNxZxFMEBOAInwALnoA6aoAXaAIM78ACewLN2rz1qL9rrfLSgLXb2wQ9ob59yrZiG</latexit>

ωB = µ0µr
ωH

<latexit sha1_base64="QJAjut/epGzvDRV7zc8TvFwtorc=">AAAB+nicdVDLSsNAFJ3UV62vVJduBotQNyHRtupCKLrpsoJ9QBvCZDpth04mYWailNhPceNCEbd+iTv/xklTQUUPXO7hnHuZO8ePGJXKtj+M3NLyyupafr2wsbm1vWMWd9syjAUmLRyyUHR9JAmjnLQUVYx0I0FQ4DPS8SdXqd+5JULSkN+oaUTcAI04HVKMlJY8s9gPYk/AC5j1cuPIM0u2dZ7iBGaklhK74thOFTqWPUcJLND0zPf+IMRxQLjCDEnZc+xIuQkSimJGZoV+LEmE8ASNSE9TjgIi3WR++gweamUAh6HQxRWcq983EhRIOQ18PRkgNZa/vVT8y+vFanjmJpRHsSIcZw8NYwZVCNMc4IAKghWbaoKwoPpWiMdIIKx0WgUdwtdP4f+kfWw5Nat6XSnVLxdx5ME+OABl4IBTUAcN0AQtgMEdeABP4Nm4Nx6NF+M1G80Zi5098APG2yfVZ5Mb</latexit>

µr = µr(H)

[https://commons.wikimedia.org/wiki/File:James-Clerk-Maxwell-1831-1879.jpg]

https://commons.wikimedia.org/wiki/File:James-Clerk-Maxwell-1831-1879.jpg
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ωB = µ0µr
ωH

<latexit sha1_base64="QJAjut/epGzvDRV7zc8TvFwtorc=">AAAB+nicdVDLSsNAFJ3UV62vVJduBotQNyHRtupCKLrpsoJ9QBvCZDpth04mYWailNhPceNCEbd+iTv/xklTQUUPXO7hnHuZO8ePGJXKtj+M3NLyyupafr2wsbm1vWMWd9syjAUmLRyyUHR9JAmjnLQUVYx0I0FQ4DPS8SdXqd+5JULSkN+oaUTcAI04HVKMlJY8s9gPYk/AC5j1cuPIM0u2dZ7iBGaklhK74thOFTqWPUcJLND0zPf+IMRxQLjCDEnZc+xIuQkSimJGZoV+LEmE8ASNSE9TjgIi3WR++gweamUAh6HQxRWcq983EhRIOQ18PRkgNZa/vVT8y+vFanjmJpRHsSIcZw8NYwZVCNMc4IAKghWbaoKwoPpWiMdIIKx0WgUdwtdP4f+kfWw5Nat6XSnVLxdx5ME+OABl4IBTUAcN0AQtgMEdeABP4Nm4Nx6NF+M1G80Zi5098APG2yfVZ5Mb</latexit>

µr = µr(H)

Now it’s just a matter of describing what’s 
this magnetic-field dependence of the 
relative permeability.

[https://commons.wikimedia.org/wiki/File:James-Clerk-Maxwell-1831-1879.jpg]

https://commons.wikimedia.org/wiki/File:James-Clerk-Maxwell-1831-1879.jpg


GOOD LUCK (THAT’S WHY WE NEED SCHOOLS OF MAGNETISM)13 1.3 Magnet applications
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The magnetic family tree
(after C. M. Hurd, Contemp.
Phys. 23, L69 (1982)).

Applied magnetism. A
Berlin postcard ca 1920.

1.3 Magnet applications

1.3.1 Overview of the world market

Magnetic materials, recording media, heads and sensors constitute a market
worth over $30 billion per year. Since the population of the Earth is approaching
7 billion, this means an average of about $5 per head. The world’s goods
are unevenly distributed. The richest billion, living mainly in North America,
Europe and East Asia, consume the lion’s share, but most people derive some
benefit from magnetic technology, whether in the form of a cassette recorder,
an electric pump in a tube well or a communal mobile phone.

[Coey]



PHENOMENOLOGICAL APPROACH

▸ Magnetic dipoles m, and then M(r) is its mesoscopic volume 
average. 

▸ B = µ0(H + M). 

▸ Field produced by a given distribution of magnetisation: 
integral of the dipole field due to each volume element 
M(r)dV. 

▸ Scalar fm and vector A potentials are defined for H and B 
respectively. 

▸ Internal, external and demagnetising fields are calculated. 

▸ Magnetic forces and energies are derived from the fields.



MAGNETIC MOMENTS



MAGNETIC MOMENTS

▸ The elementary quantity in solid-state magnetism. 

▸ Magnetic moments come from atoms (electron spins, 
electron motion, nuclear spin). 

▸ Use Quantum Mechanics to add magnetic moments. 

▸ You’ll find out that almost all elements of the periodic 
table do not possess a resultant moment on the atomic 
scale in solids.



SO WHAT ARE THESE FANCY MAGNETIC MOMENTS?

▸ Quantum origin. 

▸ A classical equivalent (Ampère equivalence): current loops.
<latexit sha1_base64="sGfd1UjmK+YqIYCbI+oNI0uaCZo=">AAAB7XicdVDLSgNBEJyNrxhfUY9eBoPgadnVJOpBiHrRWwQTA8kSZiezyZh5LDOzQljyD148KOLV//Hm3zibRFDRgoaiqpvurjBmVBvP+3Byc/MLi0v55cLK6tr6RnFzq6llojBpYMmkaoVIE0YFaRhqGGnFiiAeMnIbDi8y//aeKE2luDGjmAQc9QWNKEbGSk0OT+HVWbdY8tyTDIdwSqoZ8cq+51eg73oTlMAM9W7xvdOTOOFEGMyQ1m3fi02QImUoZmRc6CSaxAgPUZ+0LRWIEx2kk2vHcM8qPRhJZUsYOFG/T6SIaz3ioe3kyAz0by8T//LaiYmOg5SKODFE4OmiKGHQSJi9DntUEWzYyBKEFbW3QjxACmFjAyrYEL4+hf+T5oHrV93KdblUO5/FkQc7YBfsAx8cgRq4BHXQABjcgQfwBJ4d6Tw6L87rtDXnzGa2wQ84b5+7646c</latexit>

m = IA
magnetic moment

current circulating in a tiny loop

tiny loop area

<latexit sha1_base64="VilF7Da7kqJhhE+BctFz2U6IoFA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GmZqW3UhVN24rGAfOB1LJs20oUlmSDJCGfoXblwo4ta/ceffmGkrqOiBC4dz7uXee4KYUaUd58PKLSwuLa/kVwtr6xubW8XtnZaKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawegy89v3RCoaiRs9jonP0UDQkGKkjXTrcR+ewXN+V+4VS459muEIzkgtI07FddwqdG1nihKYo9Ervnf7EU44ERozpJTnOrH2UyQ1xYxMCt1EkRjhERoQz1CBOFF+Or14Ag+M0odhJE0JDafq94kUcaXGPDCdHOmh+u1l4l+el+jwxE+piBNNBJ4tChMGdQSz92GfSoI1GxuCsKTmVoiHSCKsTUgFE8LXp/B/0irbbs2uXldK9Yt5HHmwB/bBIXDBMaiDK9AATYCBAA/gCTxbynq0XqzXWWvOms/sgh+w3j4BgT2QMA==</latexit>

[m] = Am2

<latexit sha1_base64="g2IvpR13vEDU2lzo0Z5dOFArCgk="></latexit>

[ ωM ] =
[m
V

]
=

A

m



SO WHAT ARE THESE FANCY MAGNETIC MOMENTS?

▸ Quantum origin. 

▸ A classical equivalent (Ampère equivalence): current loops.
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m = IA
magnetic moment

current circulating in a tiny loop

tiny loop area

it’s only an equivalent: they do not exist!
<latexit sha1_base64="VilF7Da7kqJhhE+BctFz2U6IoFA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GmZqW3UhVN24rGAfOB1LJs20oUlmSDJCGfoXblwo4ta/ceffmGkrqOiBC4dz7uXee4KYUaUd58PKLSwuLa/kVwtr6xubW8XtnZaKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawegy89v3RCoaiRs9jonP0UDQkGKkjXTrcR+ewXN+V+4VS459muEIzkgtI07FddwqdG1nihKYo9Ervnf7EU44ERozpJTnOrH2UyQ1xYxMCt1EkRjhERoQz1CBOFF+Or14Ag+M0odhJE0JDafq94kUcaXGPDCdHOmh+u1l4l+el+jwxE+piBNNBJ4tChMGdQSz92GfSoI1GxuCsKTmVoiHSCKsTUgFE8LXp/B/0irbbs2uXldK9Yt5HHmwB/bBIXDBMaiDK9AATYCBAA/gCTxbynq0XqzXWWvOms/sgh+w3j4BgT2QMA==</latexit>

[m] = Am2

<latexit sha1_base64="g2IvpR13vEDU2lzo0Z5dOFArCgk="></latexit>

[ ωM ] =
[m
V

]
=

A
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UNITS



UNITS, OH, UNITS!
<latexit sha1_base64="yOle3Yy4meuX32Rb2LUsz0u9V8o="></latexit>

ωB = µ0

(
ωH + ωM

)



UNITS, OH, UNITS!
<latexit sha1_base64="yOle3Yy4meuX32Rb2LUsz0u9V8o="></latexit>

ωB = µ0

(
ωH + ωM

)

A/m



UNITS, OH, UNITS!
<latexit sha1_base64="yOle3Yy4meuX32Rb2LUsz0u9V8o="></latexit>

ωB = µ0

(
ωH + ωM

)

A/mA/m



UNITS, OH, UNITS!
<latexit sha1_base64="yOle3Yy4meuX32Rb2LUsz0u9V8o="></latexit>

ωB = µ0

(
ωH + ωM

)

A/mA/m

<latexit sha1_base64="hXB0rtAwpcW29ooxercryFM6LIw="></latexit>

→↑ ωE = ↓ε ωB

εt



UNITS, OH, UNITS!
<latexit sha1_base64="yOle3Yy4meuX32Rb2LUsz0u9V8o="></latexit>

ωB = µ0

(
ωH + ωM

)

A/mA/m

<latexit sha1_base64="hXB0rtAwpcW29ooxercryFM6LIw="></latexit>

→↑ ωE = ↓ε ωB

εt

V/m1/m



UNITS, OH, UNITS!
<latexit sha1_base64="yOle3Yy4meuX32Rb2LUsz0u9V8o="></latexit>

ωB = µ0

(
ωH + ωM

)

A/mA/m

<latexit sha1_base64="hXB0rtAwpcW29ooxercryFM6LIw="></latexit>

→↑ ωE = ↓ε ωB

εt

V/m1/m

<latexit sha1_base64="V1b6A2k9ier+ogptD+O8DtjTNHE=">AAACDHicdVDLSsNAFJ3UV62vqks3g0VwFZLaVl0IRTcuK/QFbSyT6aQdOpmEmYlQQj7Ajb/ixoUibv0Ad/6Nk6aKih4YOJxzLnfucUNGpbKsdyO3sLi0vJJfLaytb2xuFbd32jKIBCYtHLBAdF0kCaOctBRVjHRDQZDvMtJxJxep37khQtKAN9U0JI6PRpx6FCOlpUGx1PcEwnFbJrF/XU7gGcyEjvslNHXKMk9THMGM1FJiVWzLrkLbtGYogTkag+JbfxjgyCdcYYak7NlWqJwYCUUxI0mhH0kSIjxBI9LTlCOfSCeeHZPAA60MoRcI/biCM/X7RIx8Kae+q5M+UmP520vFv7xepLwTJ6Y8jBThOFvkRQyqAKbNwCEVBCs21QRhQfVfIR4jXYbS/RV0CZ+Xwv9Ju2zaNbN6VSnVz+d15MEe2AeHwAbHoA4uQQO0AAa34B48gifjzngwno2XLJoz5jO74AeM1w8tCJsV</latexit>

V s

m2
=

Wb

m2
= T



UNITS, OH, UNITS!
<latexit sha1_base64="yOle3Yy4meuX32Rb2LUsz0u9V8o="></latexit>

ωB = µ0

(
ωH + ωM

)

A/mA/m

<latexit sha1_base64="hXB0rtAwpcW29ooxercryFM6LIw="></latexit>

→↑ ωE = ↓ε ωB

εt

V/m1/m

<latexit sha1_base64="V1b6A2k9ier+ogptD+O8DtjTNHE=">AAACDHicdVDLSsNAFJ3UV62vqks3g0VwFZLaVl0IRTcuK/QFbSyT6aQdOpmEmYlQQj7Ajb/ixoUibv0Ad/6Nk6aKih4YOJxzLnfucUNGpbKsdyO3sLi0vJJfLaytb2xuFbd32jKIBCYtHLBAdF0kCaOctBRVjHRDQZDvMtJxJxep37khQtKAN9U0JI6PRpx6FCOlpUGx1PcEwnFbJrF/XU7gGcyEjvslNHXKMk9THMGM1FJiVWzLrkLbtGYogTkag+JbfxjgyCdcYYak7NlWqJwYCUUxI0mhH0kSIjxBI9LTlCOfSCeeHZPAA60MoRcI/biCM/X7RIx8Kae+q5M+UmP520vFv7xepLwTJ6Y8jBThOFvkRQyqAKbNwCEVBCs21QRhQfVfIR4jXYbS/RV0CZ+Xwv9Ju2zaNbN6VSnVz+d15MEe2AeHwAbHoA4uQQO0AAa34B48gifjzngwno2XLJoz5jO74AeM1w8tCJsV</latexit>

V s

m2
=

Wb

m2
= T

so H is in A/m, but µ0H is in T



UNITS, OH, UNITS!
<latexit sha1_base64="yOle3Yy4meuX32Rb2LUsz0u9V8o="></latexit>

ωB = µ0

(
ωH + ωM

)

A/mA/m

<latexit sha1_base64="hXB0rtAwpcW29ooxercryFM6LIw="></latexit>

→↑ ωE = ↓ε ωB

εt

V/m1/m
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=

Wb

m2
= T
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HERE COMES THE HEADACHE…

▸ µ0 is a quantity: 

▸ 1.256 637 061 27(20) x 10-6 H/m (CODATA). 

▸ µ0 used to be a constant: 

▸ 4π x 10-7 H/m = 1.256 637 061 44 x 10-6 H/m.
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the result of a definition

For any practical purposes, the conceptual difference 
is philosophical, and the numerical difference is lower 
than any experimental uncertainty. But…

“Nothing has changed, but nothing’s the same”
David Byrne



THE DEATH OF (THE) GAUSS

▸ µ0 is a quantity: 

▸ as a result of an experiment, µ0 does not have a fixed 
value. 

▸ it is no longer possible to give it an arbitrary value to 
make your life easier. 

▸ In the (old) CGS system, µ0 = 1 by definition. 

▸ Conceptually, units of magnetic induction (G, gauss) 
expressed in the CGS system are no longer valid! 

▸ However…



CGS UNITS
▸ CGS: cm, g, s. 

▸ CGS equivalent of current = 10 A. 

▸ CGS equivalent of voltage = 10 nV. 

▸ Energy in erg = 10-7 J. 

▸ Magnetic field H in Oe (oersted). 

▸ Magnetic induction B in G (gauss) = emu / cm3. 

▸ B = H + 4πM, magnetisation M in emu/cm3. 

▸ So µ0 is a constant = 1 but it has units! 

▸ 1 G = 1 Oe numerically, but different units!
[https://commons.wikimedia.org/wiki/File:%C3%98rsted.jpg]

[https://commons.wikimedia.org/wiki/File:Carl_Friedrich_Gauss.jpg]
[https://commons.wikimedia.org/wiki/File:Dromaius_novaehollandiae_-_R%C3%A9serve_africaine_de_Sigean_01.jpg]
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CONVERTING UNITS
Quantity Symbol CGS Conversion SI

Magnetic flux density, 
magnetic induction

B gauss (G) 10-4 tesla T, Wb/m2

Magnetic flux F maxwell (Mx), G cm2 10-8 weber Wb, Vs
Magnetic potential 

difference, 
magnetomotive force

U, F gilbert (Gb) 10/4π ampere A

Magnetic field strength H oersted Oe, Gb/cm 103/4π A/m
(Volume) magnetisation M emu/cm3 103 A/m

(Volume) magnetisation 4πM G 103/4π A/m

Magnetic polarisation J, I emu/cm3 4π x 10-4 T, Wb/m2

(Mass) magnetisation s, M emu/g 1 
4π x 10-7

Am2 / kg 
Wb m / kgMagnetic moment m emu, erg/G 10-3 Am2, J/T

Magnetic dipole 
moment j emu, erg/G 4π x 10-10 Wb m

(Volume) susceptibility c, k no dim., emu/cm3 4π 
(4π)2 x 10-7

no dim 
H/m, Wb/(Am)

(Mass) susceptibility cp, kp cm3/g emu/g 4π x 10-3 
(4π)2 x 10-10

m3 / kg 
Hm2 / kg



CONVERTING UNITS (CONT.)
Quantity Symbol CGS Conversion SI

(Molar) susceptibility cmol, kmol cm3/mol, emu/mol 4π x 10-6 
(4π)2 x 10-13

m3 / mol 
Hm2 / mol

Permeability m no dim. 4π x 10-7 H/m, Wb/(Am)

Relative permeability mr not defined no dim.

(Volume) energy 
density W erg/cm3 10-1 J/m3

Demagnetisation factor D, N no dim. 1/4π no dim.

multiply number in ___ by ____ to convert it to ___



MAGNETISATION



MESOSCOPIC AVERAGES

▸ Local magnetic moment density: M(r,t). 

▸ Fluctuations on < nm scale: the minimum length scale of 
the fluctuations in a ferromagnet is the exchange length (~ 
a new nm). 

▸ Fluctuations on < ns scale. 

▸ Steady, homogeneous, local magnetisation averaging over 
a few nm and a few µs:

<latexit sha1_base64="NplfrRyThzWk5u1QnqipuFKiTes="></latexit>

ωM(ωr) =
〈
ωM(ωr, t)

〉

Continuous medium approximation.



MACROSCOPIC AVERAGES
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MACROSCOPIC AVERAGES
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ωM =
∑

i

ωMiVi∑
i Vi

sample volume
its value as a function of the applied field 

is the hysteresis loop



FIELDS



IN THE BEGINNING…

▸ Everything begins with the good old Biot-Savart law: 

▸ which is the field generated by a small current element jdV 
at a point P of coordinates r. 

▸ Then you have arbitrary distributions of currents… 

▸ … flowing in arbitrary closed circuits… 

▸ … and you enjoy spending your time solving integrals…

<latexit sha1_base64="WMr9G2EvYVw/2WZwo+bsXPkQ24o="></latexit>
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εr ↑εj

r3
ωV
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FIELD OF A LOOP
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B0 =
µ0I

2a

26 Magnetostatics

Magnetic moment and magnetization are axial vectors. They are unchanged
under spatial inversion, r → −r , but they do change sign under time reversal
t → −t. Axial vectors differ from normal polar vectors such as position, force,
velocity and current density, which change sign on spatial inversion but not
necessarily on time reversal. Strictly speaking, axial vectors are tensors; they
can be written as a vector product of two polar vectors, as in (2.4), but their
three independent components can be manipulated like those of a vector.

I

A magnetic moment m is
equivalent to a current
loop.

2.1.1 Fields due to electric currents and magnetic moments

In a steady state, the magnetic field δB created by a small current element
jδV at a point P is given by the Biot–Savart law, which follows from Maxwell’s
equations (1.1a) and (1.1c):

δB = −µ0

4π
r × j

r3
δV. (2.5)

Written in terms of electric current I in a circuit element of length δl, where
I = j · a and δV = a · δl , the law of Biot and Savart is

δB = −µ0

4π
I

r × δl
r3

, (2.6)

where the vector r goes from the current element to the point P .

I

B

The field due to a current
element. When the right
index finger points along
the current direction, the
tip of the thumb traces the
field as the right hand turns
clockwise.

Hence it is possible by integration to calculate the field created by any
distribution of electric currents. Currents flow in circuits, so (2.6) has to be
integrated over a complete circuit in order to acquire a physical meaning. The
field falls as the square of the distance from the current element that creates it,
with a constant of proportionality µ0/4π which is exactly 10−7, according to
the definition of the ampere given in the next section. The units of the magnetic
constant µ0 are J A−2 m−1 , so the units of B are J A−1 m−2 or, equivalently,
kg s−2 A−1 . In view of the importance of the B-field in magnetism, the unit
has its own special name, the tesla1 (abbreviated to T). Equivalent units for
µ0 are T m A−1. It is natural to think of the magnetic constant in these terms
in expressions relating B with H or M , but when energies or interactions are
involved, the form J A−2 m−1 is more convenient.

We use (2.6) to calculate the field created by a magnetic moment associated
with a small current loop, firstly at the centre, and secondly at a distance r much
greater than the size of the loop. For the first calculation, we look at a circular
loop of radius a. Each element Iaδθ contributes µ0Iaδθ/4πa2, so the field at
the centre is

BO = µ0I

2a
. (2.7)

I

B

Field due to a current loop. 1 The tesla is named for Nikola Tesla, the Serbian pioneer of electromagnetism.27 2.1 The magnetic dipole moment

A

B

r

I

dl

dB

r
C

A

B

q

Figure 2.1

Calculation of the dipolar
field due to a magnetic
moment m.

To simplify the second calculation, we choose a square loop of side δl ! r

and first evaluate the field at two special positions, point ‘A’ on the axis of
the loop and point ‘B’ in the broadside position. At point ‘A’, there are four
contributions like the one shown in Fig. 2.1, and their resultant is parallel to
m since the horizontal components cancel. Its magnitude is BA = 4δB sin ε =
4µ0Iδl sin ε/4πr2. Since sin ε = δl/2r, and m = I (δl)2 according to (2.3), we
obtain

BA = 2
µ0

4π
m

r3
. (2.8)

Nikola Tesla, 1856–1943.

At point ‘B’ we must consider the contribution of the two sides of the square
perpendicular to r as well as the two sides parallel to r . Hence the magnitude

BB = µ0

4π
Iδl

{
1

(r − δl/2)2
− 1

(r + δl/2)2
− 2 sin ε

r2

}

≈ µ0

4π
Iδl

r2

{(
1 + δl

r

)
−

(
1 − δl

r

)
− δl

r

}
:

BB = µ0

4π
m

r3
. (2.9)

The field in the ‘B’ position is half as large as that in the ‘A’ position, and
oppositely directed relative to m. To find the field at a general position ‘C’ far
from the loop, we just resolve m into two components, m cos θ parallel to r and
m sin θ perpendicular to r . The dipole field in polar coordinates is therefore

Br = 2
( µ0m

4πr3

)
cos θ ; Bθ =

( µ0m

4πr3

)
sin θ ; Bφ = 0. (2.10)

The field falls off rapidly, as the cube of the distance from the magnet. It has
axial symmetry about m.

en

q

The angle of dip.

Faraday represented magnetic fields using lines of force. (The basic idea
dates back to Descartes.) The lines provide a picture of the field by indicating
its direction at any point; its magnitude is inversely proportional to the spacing
of the lines. The direction of the field of a point dipole relative to the normal
to r is known as ‘dip’. The angle of dip I given by tan I =Br/Bθ is related

at the centre of a circular loop.
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BA = 2
µ0

4ω

m

r3
along the axis of a square loop.
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BB =
µ0

4ω

m

r3
half as large as in point A, but with opposite direction

[Coey]



MAGNETIC DIPOLE
28 Magnetostatics

Figure 2.2

The field due to a magnetic
dipole, illustrated by lines
of force.

to θ by

Br

Bθ
= tan I = 2cotθ . (2.11)

Setting tan I = dr/rdθ gives the differential equation for the line of force
dr/rdθ =2cotθ and integration gives the parametric equation of a line of force,
r = c sin2 θ , where c is a different constant for each line. The field of a small
current loop or the equivalent magnetic moment is illustrated in Fig. 2.2.

The field of the magnetic moment has the same form as that of an electric
dipole p = qδl formed of positive and negative charges ±q which are separated
by a small distance δl. The vector p is directed from −q to +q. Hence the
magnetic moment m may somehow be regarded as a magnetic dipole; its
associated magnetic field is called the magnetic dipole field.

There are other ways of writing the dipole field which are equivalent to
(2.10). One uses Cartesian coordinates, with m in the z-direction:

B = µ0m

4πr5

[
3xzex + 3yzey + (3z2 − r2)ez

]
, (2.12)

where ei are unit vectors; another resolves the field into components parallel to
r and m:

B = µ0

4π

[
3

(m · r)r
r5

− m

r3

]
. (2.13)

2.2 Magnetic fields

The magnetic field that appears in the Biot–Savart law and in Maxwell’s equa-
tions in vacuum is B, but the hysteresis loop of Fig. 1.3 traced M as a function
of H . It is time to explain why we need these two magnetic fields, with different
units and dimensions.

And for the generic point anywhere far away from the magnetic moment?

Mathematically, the equation of the lines of force of a magnetic moment 
has the same form as that of an electric dipole.

By analogy, m is also called a magnetic dipole, and the field that it generates is the magnetic dipole field.

[Coey]



MAGNETIC DIPOLE FIELD
(The full calculations are left as an easy exercise for the reader)

<latexit sha1_base64="tc9yCAoFSHJ6FLLgshn9WKUV3KU="></latexit>

ωB =
µ0m

4εr5
[
3xzωex + 3yzωey +

(
3z2 → r2

)
ωez
]

in Cartesian coordinates with m // ez
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ωB =
µ0

4ε

[
3
(ωm · ωr)ωr

r5
→ ωm

r3

]

in components // r and m.

The dipolar field in the far field approximation ~ 1/r3.



MANY DIFFERENT 
MAGNETIC FIELDS



DIFFERENT FIELDS, WITH DIFFERENT UNITS AND DIMENSIONS

▸ B: the induction. So far we have used it. 

▸ H: the magnetic field, why would we need it anyway? 

▸ M: the magnetisation of the material, normally you plot it 
as a function of H.

Do we really need them all?



B
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→ · ωB = 0 solenoidal field, no divergence!
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qm → h

µ0e
No magnetic monopoles (rest in peace, P.A.M. Dirac!)

<latexit sha1_base64="js5TTYLuC/IUeONsb5BsxEXvLq4=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEVyWjbdWFUOvGZUX7gLaUTCbThmYyQ5IplKHgr7hxoYhbv8Odf2OmraCiBy4czrmXe+9xI86URujDyiwsLi2vZFdza+sbm1v29k5DhbEktE5CHsqWixXlTNC6ZprTViQpDlxOm+7wKvWbIyoVC8WdHke0G+C+YD4jWBupZ+91mNC9W9gZUZJUJ9C7hBcQ9ew8KpynOIEzUk4JKjrIKUGngKbIgzlqPfu944UkDqjQhGOl2g6KdDfBUjPC6STXiRWNMBniPm0bKnBAVTeZnj+Bh0bxoB9KU0LDqfp9IsGBUuPANZ0B1gP120vFv7x2rP2zbsJEFGsqyGyRH3OoQ5hmAT0mKdF8bAgmkplbIRlgiYk2ieVMCF+fwv9J47jglAulm2K+Up3HkQX74AAcAQecggq4BjVQBwQk4AE8gWfr3nq0XqzXWWvGms/sgh+w3j4BrW+Urg==</latexit>∫

S

ωBdA = 0The net flux F of B across any closed surface S is exactly 0

<latexit sha1_base64="K+mVigYsYkdEhXZe3IoUH61SJh4="></latexit>

[!] = Wb, [ ωB] =
Wb

m2
= T B = magnetic flux density or magnetic induction.

(BTW, magnetic flux is quantised in superconducting circuits, stay tuned!)



SOURCES OF B
Electric currents are sources of B, including 
loops (and therefore magnetic moments m)

<latexit sha1_base64="AfUONucStVKPjt4dM/jUjtHXVAQ="></latexit>

→↑ ωB = µ0
ωj ↓

∮
ωBdl = µ0I

All sources of B are moving charges, and B interacts with electrical charges 
only when they move (Lorentz force).

Magnetic units are not fundamental! 
They can be expressed in terms of fundamental SI units kg, m, s, A.

<latexit sha1_base64="7Qrag+GhAwuBNAYeEKRGh3SoCD0="></latexit>

ωf = q
(
ωE + ωv → ωB

)

[Coey]



SOURCES OF B
Electric currents are sources of B, including 
loops (and therefore magnetic moments m)

<latexit sha1_base64="AfUONucStVKPjt4dM/jUjtHXVAQ="></latexit>

→↑ ωB = µ0
ωj ↓

∮
ωBdl = µ0I

All sources of B are moving charges, and B interacts with electrical charges 
only when they move (Lorentz force).

Magnetic units are not fundamental! 
They can be expressed in terms of fundamental SI units kg, m, s, A.

31 2.2 Magnetic fields

I1

I2

F21

Figure 2.4

Force between two long
straight conductors carrying
currents I1 and I2. The field
due to one of the
conductors is shown .
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Figure 2.5

Magnitudes of some
magnetic fields in tesla.

and (2.18) is precisely 4π × 10−7 T m A−1. The field at a distance of 1 metre
from a long straight conductor carrying a current of one ampere is 2 × 10−7 T,
or 0.2 µT. This cumbersome definition of the unit of electric current will
be replaced in coming years by one based on a precisely defined number of
electrons flowing per second in a high-frquency single-electron pump.

The tesla is a rather big unit. The largest continuous field ever produced in a
laboratory is 45 T. Fields of order 1 T are created by electromagnets, and close
to the surfaces of permanent magnets. The field a millimetre from a conductor
carrying 5 A is only a millitesla. The field at the Earth’s surface is a few tens
of microtesla. The range of natural and man-made magnetic fields is illustrated
further in Fig. 2.5.

2.2.2 Uniform magnetic fields

We have seen that the magnetic field far from flux sources that are confined
in a limited region of space falls off in an anisotropic manner as 1/r3 (2.10).
Nevertheless it is possible to devise structures of currents or magnets that create
a field that is uniform in some limited volume; these are the magnetic analogues
of the parallel-plate capacitor in electrostatics. We offer some examples.

<latexit sha1_base64="7Qrag+GhAwuBNAYeEKRGh3SoCD0="></latexit>

ωf = q
(
ωE + ωv → ωB

)

[Coey]



GENERATION OF B

Electromagnets 
up to 2 – 3 T  (20 – 30 kOe) 

non-linear (closed-loop feedback required)

Helmholtz coils and solenoids 
up to a few mT (~100 Oe) 
linear (one-time calibration 
required)

Superconducting solenoids 
up to several T (< 20 T, < 200 kOe) 
almost linear (one-time calibration 

required) but with hysteresis

Halbach cylinders 
up to ~ 2 T 
no power supply required

[https://commons.wikimedia.org/wiki/File:AGEM5520.jpg]
[https://commons.wikimedia.org/wiki/File:Helmholtz_coil,_Brookhaven_National_Laboratory.jpg]

[https://cryomagnetics.com/products/high-field-nb3sn-solenoids/]
[https://www.hsmagnets.com/product/cylindrical-halbach-array-magnet/]

https://commons.wikimedia.org/wiki/File:AGEM5520.jpg
https://commons.wikimedia.org/wiki/File:Helmholtz_coil,_Brookhaven_National_Laboratory.jpg
https://cryomagnetics.com/products/high-field-nb3sn-solenoids/
https://www.hsmagnets.com/product/cylindrical-halbach-array-magnet/


H

▸ The field strength or magnetising force. 

▸ The magnetisation of a material reflects the local value of 
H. 

▸ In free space  B = µ0H. 

▸ The problem arises when there are materials around.



H WHEN THERE ARE MATERIALS
<latexit sha1_base64="0BilASK8n/34DpYVixHJTvrZl94="></latexit>

→↑ ωB = µ0
ωj = µ0

(
ωjc +ωjm

)

Current in electrical conductors. 
Can be measured.

Current associated to the magnetised medium. 
Cannot be measured (mostly it is a 
representation of the spins of the electrons of 
the medium).



H WHEN THERE ARE MATERIALS
<latexit sha1_base64="0BilASK8n/34DpYVixHJTvrZl94="></latexit>

→↑ ωB = µ0
ωj = µ0

(
ωjc +ωjm

)

Current in electrical conductors. 
Can be measured.

Current associated to the magnetised medium. 
Cannot be measured (mostly it is a 
representation of the spins of the electrons of 
the medium).

<latexit sha1_base64="zhTLnS0eZ0qAY1iXRZxGevUveIg=">AAACCnicdVDLSgMxFM3UV62vqks30SK4Gma0rboQim7cCBXsAzplyKRpG5tkhiRTKEPXbvwVNy4UcesXuPNvzLQVVPTAhcM593LvPUHEqNKO82Fl5uYXFpeyy7mV1bX1jfzmVl2FscSkhkMWymaAFGFUkJqmmpFmJAniASONYHCR+o0hkYqG4kaPItLmqCdol2KkjeTnd70hwcnt2OfwDHoCBQxBT1NOFJw4V2M/X3Ds0xRHcErKKXGKruOWoGs7ExTADFU//+51QhxzIjRmSKmW60S6nSCpKWZknPNiRSKEB6hHWoYKZJa1k8krY7hvlA7shtKU0HCifp9IEFdqxAPTyZHuq99eKv7ltWLdPWknVESxJgJPF3VjBnUI01xgh0qCNRsZgrCk5laI+0girE16ORPC16fwf1I/tN2yXbouFirnsziyYAfsgQPggmNQAZegCmoAgzvwAJ7As3VvPVov1uu0NWPNZrbBD1hvnzTQmqM=</latexit>

ωjm = →↑ ωM (unsurprisingly)



H WHEN THERE ARE MATERIALS
<latexit sha1_base64="0BilASK8n/34DpYVixHJTvrZl94="></latexit>

→↑ ωB = µ0
ωj = µ0

(
ωjc +ωjm

)

Current in electrical conductors. 
Can be measured.

Current associated to the magnetised medium. 
Cannot be measured (mostly it is a 
representation of the spins of the electrons of 
the medium).

<latexit sha1_base64="zhTLnS0eZ0qAY1iXRZxGevUveIg=">AAACCnicdVDLSgMxFM3UV62vqks30SK4Gma0rboQim7cCBXsAzplyKRpG5tkhiRTKEPXbvwVNy4UcesXuPNvzLQVVPTAhcM593LvPUHEqNKO82Fl5uYXFpeyy7mV1bX1jfzmVl2FscSkhkMWymaAFGFUkJqmmpFmJAniASONYHCR+o0hkYqG4kaPItLmqCdol2KkjeTnd70hwcnt2OfwDHoCBQxBT1NOFJw4V2M/X3Ds0xRHcErKKXGKruOWoGs7ExTADFU//+51QhxzIjRmSKmW60S6nSCpKWZknPNiRSKEB6hHWoYKZJa1k8krY7hvlA7shtKU0HCifp9IEFdqxAPTyZHuq99eKv7ltWLdPWknVESxJgJPF3VjBnUI01xgh0qCNRsZgrCk5laI+0girE16ORPC16fwf1I/tN2yXbouFirnsziyYAfsgQPggmNQAZegCmoAgzvwAJ7As3VvPVov1uu0NWPNZrbBD1hvnzTQmqM=</latexit>

ωjm = →↑ ωM (unsurprisingly)

<latexit sha1_base64="rT18ZqjnxWP7B6BqZst0m9q0ifg="></latexit>

ωH =
1

µ0

ωB → ωMLet’s define a new field



H WHEN THERE ARE MATERIALS
<latexit sha1_base64="0BilASK8n/34DpYVixHJTvrZl94="></latexit>

→↑ ωB = µ0
ωj = µ0

(
ωjc +ωjm

)

Current in electrical conductors. 
Can be measured.

Current associated to the magnetised medium. 
Cannot be measured (mostly it is a 
representation of the spins of the electrons of 
the medium).

<latexit sha1_base64="zhTLnS0eZ0qAY1iXRZxGevUveIg=">AAACCnicdVDLSgMxFM3UV62vqks30SK4Gma0rboQim7cCBXsAzplyKRpG5tkhiRTKEPXbvwVNy4UcesXuPNvzLQVVPTAhcM593LvPUHEqNKO82Fl5uYXFpeyy7mV1bX1jfzmVl2FscSkhkMWymaAFGFUkJqmmpFmJAniASONYHCR+o0hkYqG4kaPItLmqCdol2KkjeTnd70hwcnt2OfwDHoCBQxBT1NOFJw4V2M/X3Ds0xRHcErKKXGKruOWoGs7ExTADFU//+51QhxzIjRmSKmW60S6nSCpKWZknPNiRSKEB6hHWoYKZJa1k8krY7hvlA7shtKU0HCifp9IEFdqxAPTyZHuq99eKv7ltWLdPWknVESxJgJPF3VjBnUI01xgh0qCNRsZgrCk5laI+0girE16ORPC16fwf1I/tN2yXbouFirnsziyYAfsgQPggmNQAZegCmoAgzvwAJ7As3VvPVov1uu0NWPNZrbBD1hvnzTQmqM=</latexit>

ωjm = →↑ ωM (unsurprisingly)

<latexit sha1_base64="rT18ZqjnxWP7B6BqZst0m9q0ifg="></latexit>

ωH =
1

µ0

ωB → ωMLet’s define a new field

<latexit sha1_base64="TInHofnSi4X2N97dOcNibwWUVw8="></latexit>

→↑ ωH =
1

µ0
→↑ ωB ↓→↑ ωM = ωjc



H WHEN THERE ARE MATERIALS
<latexit sha1_base64="5YiLgM+QkbHP4XW17mlhnWYo0tM=">AAACCnicdZDLSsNAFIYn9VbrLerSzWgRXJVE26oLoeimywr2Ak0Ik+m0HTuZhJlJoYSs3fgqblwo4tYncOfbOGkrqOgPAx//OYcz5/cjRqWyrA8jt7C4tLySXy2srW9sbpnbOy0ZxgKTJg5ZKDo+koRRTpqKKkY6kSAo8Blp+6OrrN4eEyFpyG/UJCJugAac9ilGSlueue9w5DMEHUUDIqEzJjipp/BiRrephz2zaJXOM53AGVQzsMq2ZVegXbKmKoK5Gp757vRCHAeEK8yQlF3bipSbIKEoZiQtOLEkEcIjNCBdjRzpxW4yPSWFh9rpwX4o9OMKTt3vEwkKpJwEvu4MkBrK37XM/KvWjVX/zE0oj2JFOJ4t6scMqhBmucAeFQQrNtGAsKD6rxAPkUBY6fQKOoSvS+H/0Dou2dVS5bpcrF3O48iDPXAAjoANTkEN1EEDNAEGd+ABPIFn4954NF6M11lrzpjP7IIfMt4+ARzLmpQ=</latexit>

→↑ ωH = ωjc

<latexit sha1_base64="5qbv1UzcCWymHzLM7qbbW8ffLRY=">AAACCnicdVDLSsNAFJ3UV62vqEs3o0VwVRJtqy6Eopu6q2Af0IQwmUzboZNMmJkUSujajb/ixoUibv0Cd/6Nk7aCih4YOHPOvdx7jx8zKpVlfRi5hcWl5ZX8amFtfWNzy9zeaUmeCEyamDMuOj6ShNGINBVVjHRiQVDoM9L2h1eZ3x4RISmPbtU4Jm6I+hHtUYyUljxz3+E0UtAZEZzWJw4OuILB9Mcm8AJee9gzi1bpPMMJnJFqRqyybdkVaJesKYpgjoZnvjsBx0lIIoUZkrJrW7FyUyQUxYxMCk4iSYzwEPVJV9MIhUS66fSUCTzUSgB7XOin95qq3ztSFEo5Dn1dGSI1kL+9TPzL6yaqd+amNIoTRSI8G9RLGFQcZrnAgAqCFRtrgrCgeleIB0ggrHR6BR3C16Xwf9I6LtnVUuWmXKxdzuPIgz1wAI6ADU5BDdRBAzQBBnfgATyBZ+PeeDRejNdZac6Y9+yCHzDePgERaZqH</latexit>∮
ωH · dωl = Ic

in differential form

in integral form, along the path of the circuit where conduction currents flow



H WHEN THERE ARE MATERIALS
<latexit sha1_base64="5YiLgM+QkbHP4XW17mlhnWYo0tM=">AAACCnicdZDLSsNAFIYn9VbrLerSzWgRXJVE26oLoeimywr2Ak0Ik+m0HTuZhJlJoYSs3fgqblwo4tYncOfbOGkrqOgPAx//OYcz5/cjRqWyrA8jt7C4tLySXy2srW9sbpnbOy0ZxgKTJg5ZKDo+koRRTpqKKkY6kSAo8Blp+6OrrN4eEyFpyG/UJCJugAac9ilGSlueue9w5DMEHUUDIqEzJjipp/BiRrephz2zaJXOM53AGVQzsMq2ZVegXbKmKoK5Gp757vRCHAeEK8yQlF3bipSbIKEoZiQtOLEkEcIjNCBdjRzpxW4yPSWFh9rpwX4o9OMKTt3vEwkKpJwEvu4MkBrK37XM/KvWjVX/zE0oj2JFOJ4t6scMqhBmucAeFQQrNtGAsKD6rxAPkUBY6fQKOoSvS+H/0Dou2dVS5bpcrF3O48iDPXAAjoANTkEN1EEDNAEGd+ABPIFn4954NF6M11lrzpjP7IIfMt4+ARzLmpQ=</latexit>

→↑ ωH = ωjc

<latexit sha1_base64="5qbv1UzcCWymHzLM7qbbW8ffLRY=">AAACCnicdVDLSsNAFJ3UV62vqEs3o0VwVRJtqy6Eopu6q2Af0IQwmUzboZNMmJkUSujajb/ixoUibv0Cd/6Nk7aCih4YOHPOvdx7jx8zKpVlfRi5hcWl5ZX8amFtfWNzy9zeaUmeCEyamDMuOj6ShNGINBVVjHRiQVDoM9L2h1eZ3x4RISmPbtU4Jm6I+hHtUYyUljxz3+E0UtAZEZzWJw4OuILB9Mcm8AJee9gzi1bpPMMJnJFqRqyybdkVaJesKYpgjoZnvjsBx0lIIoUZkrJrW7FyUyQUxYxMCk4iSYzwEPVJV9MIhUS66fSUCTzUSgB7XOin95qq3ztSFEo5Dn1dGSI1kL+9TPzL6yaqd+amNIoTRSI8G9RLGFQcZrnAgAqCFRtrgrCgeleIB0ggrHR6BR3C16Xwf9I6LtnVUuWmXKxdzuPIgz1wAI6ADU5BDdRBAzQBBnfgATyBZ+PeeDRejNdZac6Y9+yCHzDePgERaZqH</latexit>∮
ωH · dωl = Ic

in differential form

in integral form, along the path of the circuit where conduction currents flow

<latexit sha1_base64="rT18ZqjnxWP7B6BqZst0m9q0ifg="></latexit>

ωH =
1

µ0

ωB → ωM



H WHEN THERE ARE MATERIALS
<latexit sha1_base64="5YiLgM+QkbHP4XW17mlhnWYo0tM=">AAACCnicdZDLSsNAFIYn9VbrLerSzWgRXJVE26oLoeimywr2Ak0Ik+m0HTuZhJlJoYSs3fgqblwo4tYncOfbOGkrqOgPAx//OYcz5/cjRqWyrA8jt7C4tLySXy2srW9sbpnbOy0ZxgKTJg5ZKDo+koRRTpqKKkY6kSAo8Blp+6OrrN4eEyFpyG/UJCJugAac9ilGSlueue9w5DMEHUUDIqEzJjipp/BiRrephz2zaJXOM53AGVQzsMq2ZVegXbKmKoK5Gp757vRCHAeEK8yQlF3bipSbIKEoZiQtOLEkEcIjNCBdjRzpxW4yPSWFh9rpwX4o9OMKTt3vEwkKpJwEvu4MkBrK37XM/KvWjVX/zE0oj2JFOJ4t6scMqhBmucAeFQQrNtGAsKD6rxAPkUBY6fQKOoSvS+H/0Dou2dVS5bpcrF3O48iDPXAAjoANTkEN1EEDNAEGd+ABPIFn4954NF6M11lrzpjP7IIfMt4+ARzLmpQ=</latexit>

→↑ ωH = ωjc

<latexit sha1_base64="5qbv1UzcCWymHzLM7qbbW8ffLRY=">AAACCnicdVDLSsNAFJ3UV62vqEs3o0VwVRJtqy6Eopu6q2Af0IQwmUzboZNMmJkUSujajb/ixoUibv0Cd/6Nk7aCih4YOHPOvdx7jx8zKpVlfRi5hcWl5ZX8amFtfWNzy9zeaUmeCEyamDMuOj6ShNGINBVVjHRiQVDoM9L2h1eZ3x4RISmPbtU4Jm6I+hHtUYyUljxz3+E0UtAZEZzWJw4OuILB9Mcm8AJee9gzi1bpPMMJnJFqRqyybdkVaJesKYpgjoZnvjsBx0lIIoUZkrJrW7FyUyQUxYxMCk4iSYzwEPVJV9MIhUS66fSUCTzUSgB7XOin95qq3ztSFEo5Dn1dGSI1kL+9TPzL6yaqd+amNIoTRSI8G9RLGFQcZrnAgAqCFRtrgrCgeleIB0ggrHR6BR3C16Xwf9I6LtnVUuWmXKxdzuPIgz1wAI6ADU5BDdRBAzQBBnfgATyBZ+PeeDRejNdZac6Y9+yCHzDePgERaZqH</latexit>∮
ωH · dωl = Ic

in differential form

in integral form, along the path of the circuit where conduction currents flow

<latexit sha1_base64="rT18ZqjnxWP7B6BqZst0m9q0ifg="></latexit>

ωH =
1

µ0

ωB → ωM

<latexit sha1_base64="OfLKUhr4g13jNFzXqU1dBa967PQ="></latexit>

→ · ωH =
1

µ0
→ · ωB ↑→ · ωM



H WHEN THERE ARE MATERIALS
<latexit sha1_base64="5YiLgM+QkbHP4XW17mlhnWYo0tM=">AAACCnicdZDLSsNAFIYn9VbrLerSzWgRXJVE26oLoeimywr2Ak0Ik+m0HTuZhJlJoYSs3fgqblwo4tYncOfbOGkrqOgPAx//OYcz5/cjRqWyrA8jt7C4tLySXy2srW9sbpnbOy0ZxgKTJg5ZKDo+koRRTpqKKkY6kSAo8Blp+6OrrN4eEyFpyG/UJCJugAac9ilGSlueue9w5DMEHUUDIqEzJjipp/BiRrephz2zaJXOM53AGVQzsMq2ZVegXbKmKoK5Gp757vRCHAeEK8yQlF3bipSbIKEoZiQtOLEkEcIjNCBdjRzpxW4yPSWFh9rpwX4o9OMKTt3vEwkKpJwEvu4MkBrK37XM/KvWjVX/zE0oj2JFOJ4t6scMqhBmucAeFQQrNtGAsKD6rxAPkUBY6fQKOoSvS+H/0Dou2dVS5bpcrF3O48iDPXAAjoANTkEN1EEDNAEGd+ABPIFn4954NF6M11lrzpjP7IIfMt4+ARzLmpQ=</latexit>

→↑ ωH = ωjc

<latexit sha1_base64="5qbv1UzcCWymHzLM7qbbW8ffLRY=">AAACCnicdVDLSsNAFJ3UV62vqEs3o0VwVRJtqy6Eopu6q2Af0IQwmUzboZNMmJkUSujajb/ixoUibv0Cd/6Nk7aCih4YOHPOvdx7jx8zKpVlfRi5hcWl5ZX8amFtfWNzy9zeaUmeCEyamDMuOj6ShNGINBVVjHRiQVDoM9L2h1eZ3x4RISmPbtU4Jm6I+hHtUYyUljxz3+E0UtAZEZzWJw4OuILB9Mcm8AJee9gzi1bpPMMJnJFqRqyybdkVaJesKYpgjoZnvjsBx0lIIoUZkrJrW7FyUyQUxYxMCk4iSYzwEPVJV9MIhUS66fSUCTzUSgB7XOin95qq3ztSFEo5Dn1dGSI1kL+9TPzL6yaqd+amNIoTRSI8G9RLGFQcZrnAgAqCFRtrgrCgeleIB0ggrHR6BR3C16Xwf9I6LtnVUuWmXKxdzuPIgz1wAI6ADU5BDdRBAzQBBnfgATyBZ+PeeDRejNdZac6Y9+yCHzDePgERaZqH</latexit>∮
ωH · dωl = Ic

in differential form

in integral form, along the path of the circuit where conduction currents flow

<latexit sha1_base64="rT18ZqjnxWP7B6BqZst0m9q0ifg="></latexit>

ωH =
1

µ0

ωB → ωM

<latexit sha1_base64="OfLKUhr4g13jNFzXqU1dBa967PQ="></latexit>

→ · ωH =
1

µ0
→ · ωB ↑→ · ωM

<latexit sha1_base64="C6qSoFtZiWnKkgY5Qs3r1Rg1MhU=">AAAB/3icdVDLSsNAFJ34rPUVFdy4GSyCq5BoW3UhlLpxWcE+oAllMpm0QyeTMDMplNiFv+LGhSJu/Q13/o2TtoKKHrhwOOde7r3HTxiVyrY/jIXFpeWV1cJacX1jc2vb3NltyTgVmDRxzGLR8ZEkjHLSVFQx0kkEQZHPSNsfXuV+e0SEpDG/VeOEeBHqcxpSjJSWeua+y5HPkIuDWLkjgrP6BF5Cu2eWbOsixymckWpO7LJjOxXoWPYUJTBHo2e+u0GM04hwhRmSsuvYifIyJBTFjEyKbipJgvAQ9UlXU44iIr1sev8EHmklgGEsdHEFp+r3iQxFUo4jX3dGSA3kby8X//K6qQrPvYzyJFWE49miMGVQxTAPAwZUEKzYWBOEBdW3QjxAAmGlIyvqEL4+hf+T1onlVK3KTblUq8/jKIADcAiOgQPOQA1cgwZoAgzuwAN4As/GvfFovBivs9YFYz6zB37AePsEmJ2V2g==</latexit>

→ · ωB = 0



H WHEN THERE ARE MATERIALS
<latexit sha1_base64="5YiLgM+QkbHP4XW17mlhnWYo0tM=">AAACCnicdZDLSsNAFIYn9VbrLerSzWgRXJVE26oLoeimywr2Ak0Ik+m0HTuZhJlJoYSs3fgqblwo4tYncOfbOGkrqOgPAx//OYcz5/cjRqWyrA8jt7C4tLySXy2srW9sbpnbOy0ZxgKTJg5ZKDo+koRRTpqKKkY6kSAo8Blp+6OrrN4eEyFpyG/UJCJugAac9ilGSlueue9w5DMEHUUDIqEzJjipp/BiRrephz2zaJXOM53AGVQzsMq2ZVegXbKmKoK5Gp757vRCHAeEK8yQlF3bipSbIKEoZiQtOLEkEcIjNCBdjRzpxW4yPSWFh9rpwX4o9OMKTt3vEwkKpJwEvu4MkBrK37XM/KvWjVX/zE0oj2JFOJ4t6scMqhBmucAeFQQrNtGAsKD6rxAPkUBY6fQKOoSvS+H/0Dou2dVS5bpcrF3O48iDPXAAjoANTkEN1EEDNAEGd+ABPIFn4954NF6M11lrzpjP7IIfMt4+ARzLmpQ=</latexit>

→↑ ωH = ωjc

<latexit sha1_base64="5qbv1UzcCWymHzLM7qbbW8ffLRY=">AAACCnicdVDLSsNAFJ3UV62vqEs3o0VwVRJtqy6Eopu6q2Af0IQwmUzboZNMmJkUSujajb/ixoUibv0Cd/6Nk7aCih4YOHPOvdx7jx8zKpVlfRi5hcWl5ZX8amFtfWNzy9zeaUmeCEyamDMuOj6ShNGINBVVjHRiQVDoM9L2h1eZ3x4RISmPbtU4Jm6I+hHtUYyUljxz3+E0UtAZEZzWJw4OuILB9Mcm8AJee9gzi1bpPMMJnJFqRqyybdkVaJesKYpgjoZnvjsBx0lIIoUZkrJrW7FyUyQUxYxMCk4iSYzwEPVJV9MIhUS66fSUCTzUSgB7XOin95qq3ztSFEo5Dn1dGSI1kL+9TPzL6yaqd+amNIoTRSI8G9RLGFQcZrnAgAqCFRtrgrCgeleIB0ggrHR6BR3C16Xwf9I6LtnVUuWmXKxdzuPIgz1wAI6ADU5BDdRBAzQBBnfgATyBZ+PeeDRejNdZac6Y9+yCHzDePgERaZqH</latexit>∮
ωH · dωl = Ic

in differential form

in integral form, along the path of the circuit where conduction currents flow

<latexit sha1_base64="rT18ZqjnxWP7B6BqZst0m9q0ifg="></latexit>

ωH =
1

µ0

ωB → ωM

<latexit sha1_base64="OfLKUhr4g13jNFzXqU1dBa967PQ="></latexit>

→ · ωH =
1

µ0
→ · ωB ↑→ · ωM

<latexit sha1_base64="C6qSoFtZiWnKkgY5Qs3r1Rg1MhU=">AAAB/3icdVDLSsNAFJ34rPUVFdy4GSyCq5BoW3UhlLpxWcE+oAllMpm0QyeTMDMplNiFv+LGhSJu/Q13/o2TtoKKHrhwOOde7r3HTxiVyrY/jIXFpeWV1cJacX1jc2vb3NltyTgVmDRxzGLR8ZEkjHLSVFQx0kkEQZHPSNsfXuV+e0SEpDG/VeOEeBHqcxpSjJSWeua+y5HPkIuDWLkjgrP6BF5Cu2eWbOsixymckWpO7LJjOxXoWPYUJTBHo2e+u0GM04hwhRmSsuvYifIyJBTFjEyKbipJgvAQ9UlXU44iIr1sev8EHmklgGEsdHEFp+r3iQxFUo4jX3dGSA3kby8X//K6qQrPvYzyJFWE49miMGVQxTAPAwZUEKzYWBOEBdW3QjxAAmGlIyvqEL4+hf+T1onlVK3KTblUq8/jKIADcAiOgQPOQA1cgwZoAgzuwAN4As/GvfFovBivs9YFYz6zB37AePsEmJ2V2g==</latexit>

→ · ωB = 0

<latexit sha1_base64="7QSttPBVKz8kRLP9P+tJ8As4uq0=">AAACEXicdVDLSsNAFJ3UV62vqEs3g0XoxpBoW3UhFN10I1SwD2hCmUyn7dDJJMxMCiX0F9z4K25cKOLWnTv/xklbQYseuHA4517uvcePGJXKtj+NzNLyyupadj23sbm1vWPu7jVkGAtM6jhkoWj5SBJGOakrqhhpRYKgwGek6Q+vU785IkLSkN+pcUS8APU57VGMlJY6ZsHlyGfIxd1QuSOCk+oEXsLjRfVm0jHztnWR4hTOSDkldtGxnRJ0LHuKPJij1jE/3G6I44BwhRmSsu3YkfISJBTFjExybixJhPAQ9UlbU44CIr1k+tEEHmmlC3uh0MUVnKo/JxIUSDkOfN0ZIDWQi14q/uW1Y9U79xLKo1gRjmeLejGDKoRpPLBLBcGKjTVBWFB9K8QDJBBWOsScDuH7U/g/aZxYTtkq3Rbzlat5HFlwAA5BATjgDFRAFdRAHWBwDx7BM3gxHown49V4m7VmjPnMPvgF4/0LAoed0A==</latexit>

→ · ωH = ↑→ · ωM



H WHEN THERE ARE MATERIALS
<latexit sha1_base64="5YiLgM+QkbHP4XW17mlhnWYo0tM=">AAACCnicdZDLSsNAFIYn9VbrLerSzWgRXJVE26oLoeimywr2Ak0Ik+m0HTuZhJlJoYSs3fgqblwo4tYncOfbOGkrqOgPAx//OYcz5/cjRqWyrA8jt7C4tLySXy2srW9sbpnbOy0ZxgKTJg5ZKDo+koRRTpqKKkY6kSAo8Blp+6OrrN4eEyFpyG/UJCJugAac9ilGSlueue9w5DMEHUUDIqEzJjipp/BiRrephz2zaJXOM53AGVQzsMq2ZVegXbKmKoK5Gp757vRCHAeEK8yQlF3bipSbIKEoZiQtOLEkEcIjNCBdjRzpxW4yPSWFh9rpwX4o9OMKTt3vEwkKpJwEvu4MkBrK37XM/KvWjVX/zE0oj2JFOJ4t6scMqhBmucAeFQQrNtGAsKD6rxAPkUBY6fQKOoSvS+H/0Dou2dVS5bpcrF3O48iDPXAAjoANTkEN1EEDNAEGd+ABPIFn4954NF6M11lrzpjP7IIfMt4+ARzLmpQ=</latexit>

→↑ ωH = ωjc

<latexit sha1_base64="5qbv1UzcCWymHzLM7qbbW8ffLRY=">AAACCnicdVDLSsNAFJ3UV62vqEs3o0VwVRJtqy6Eopu6q2Af0IQwmUzboZNMmJkUSujajb/ixoUibv0Cd/6Nk7aCih4YOHPOvdx7jx8zKpVlfRi5hcWl5ZX8amFtfWNzy9zeaUmeCEyamDMuOj6ShNGINBVVjHRiQVDoM9L2h1eZ3x4RISmPbtU4Jm6I+hHtUYyUljxz3+E0UtAZEZzWJw4OuILB9Mcm8AJee9gzi1bpPMMJnJFqRqyybdkVaJesKYpgjoZnvjsBx0lIIoUZkrJrW7FyUyQUxYxMCk4iSYzwEPVJV9MIhUS66fSUCTzUSgB7XOin95qq3ztSFEo5Dn1dGSI1kL+9TPzL6yaqd+amNIoTRSI8G9RLGFQcZrnAgAqCFRtrgrCgeleIB0ggrHR6BR3C16Xwf9I6LtnVUuWmXKxdzuPIgz1wAI6ADU5BDdRBAzQBBnfgATyBZ+PeeDRejNdZac6Y9+yCHzDePgERaZqH</latexit>∮
ωH · dωl = Ic

in differential form

in integral form, along the path of the circuit where conduction currents flow

<latexit sha1_base64="rT18ZqjnxWP7B6BqZst0m9q0ifg="></latexit>

ωH =
1

µ0

ωB → ωM

<latexit sha1_base64="OfLKUhr4g13jNFzXqU1dBa967PQ="></latexit>

→ · ωH =
1

µ0
→ · ωB ↑→ · ωM

<latexit sha1_base64="C6qSoFtZiWnKkgY5Qs3r1Rg1MhU=">AAAB/3icdVDLSsNAFJ34rPUVFdy4GSyCq5BoW3UhlLpxWcE+oAllMpm0QyeTMDMplNiFv+LGhSJu/Q13/o2TtoKKHrhwOOde7r3HTxiVyrY/jIXFpeWV1cJacX1jc2vb3NltyTgVmDRxzGLR8ZEkjHLSVFQx0kkEQZHPSNsfXuV+e0SEpDG/VeOEeBHqcxpSjJSWeua+y5HPkIuDWLkjgrP6BF5Cu2eWbOsixymckWpO7LJjOxXoWPYUJTBHo2e+u0GM04hwhRmSsuvYifIyJBTFjEyKbipJgvAQ9UlXU44iIr1sev8EHmklgGEsdHEFp+r3iQxFUo4jX3dGSA3kby8X//K6qQrPvYzyJFWE49miMGVQxTAPAwZUEKzYWBOEBdW3QjxAAmGlIyvqEL4+hf+T1onlVK3KTblUq8/jKIADcAiOgQPOQA1cgwZoAgzuwAN4As/GvfFovBivs9YFYz6zB37AePsEmJ2V2g==</latexit>

→ · ωB = 0

<latexit sha1_base64="7QSttPBVKz8kRLP9P+tJ8As4uq0=">AAACEXicdVDLSsNAFJ3UV62vqEs3g0XoxpBoW3UhFN10I1SwD2hCmUyn7dDJJMxMCiX0F9z4K25cKOLWnTv/xklbQYseuHA4517uvcePGJXKtj+NzNLyyupadj23sbm1vWPu7jVkGAtM6jhkoWj5SBJGOakrqhhpRYKgwGek6Q+vU785IkLSkN+pcUS8APU57VGMlJY6ZsHlyGfIxd1QuSOCk+oEXsLjRfVm0jHztnWR4hTOSDkldtGxnRJ0LHuKPJij1jE/3G6I44BwhRmSsu3YkfISJBTFjExybixJhPAQ9UlbU44CIr1k+tEEHmmlC3uh0MUVnKo/JxIUSDkOfN0ZIDWQi14q/uW1Y9U79xLKo1gRjmeLejGDKoRpPLBLBcGKjTVBWFB9K8QDJBBWOsScDuH7U/g/aZxYTtkq3Rbzlat5HFlwAA5BATjgDFRAFdRAHWBwDx7BM3gxHown49V4m7VmjPnMPvgF4/0LAoed0A==</latexit>

→ · ωH = ↑→ · ωM Mmmmmmm… tasty. What does it mean?



THAT’S WHY A MAGNET WORKS, AFTER ALL
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H has a divergence that’s not zero! It has sources and sinks 
associated to the non-uniformity of the magnetisation.

[https://sdmmagnets.com/permanent-magnets/]
[https://www.researchgate.net/figure/Schematic-of-magnetic-force-microscopy-the-inset-Figure-corresponds-to-a-magnetic-force_fig2_273967967]
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ωH =
qmωr

4εr3
→ 1

r2

Fictions charges, the N and S poles 
do not exist! 

However, they can be a convenient 
mathematical tool to make some 

kind of calculations.
[https://sdmmagnets.com/permanent-magnets/]
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B, M and H for a magnet.

where Hc is created by conduction currents and Hm is created by the mag-
netization distributions of other magnets and of the magnet itself. The second
contribution is known as the stray field outside a magnet or as the demagnetizing
field within it. It is represented by the symbol Hd .

Equation (2.27) relating the fundamental field B, the auxiliary field H and
the magnetization M of the medium is normally rearranged as

B = µ0(H + M). (2.33)

In free space, M = 0 and B = µ0 H . There B and H are indistinguishable,
apart from the constant µ0, which is so small that no confusion should ever arise
between them. Units of H , like those of M, are A m−1. One tesla is equivalent
to 795 775 A m−1 (or approximately 800 kA m−1). The quantities B, H and
M for a uniformly magnetized block of material in the absence of any external
field are illustrated in Fig. 2.7, where the relation (2.33) between them is shown
at a point ‘P’. Inside the magnet the B-field and the H-field are quite different,
and oppositely directed. H is also oppositely directed to M inside the magnet,
hence the name ‘demagnetizing field’. The field lines of H appear to originate
on the horizontal surfaces of the magnet, where a magnetic charge of density
σm = M · en resides; en is a unit vector normal to the surface. The H-field is
said to be conservative (∇ × H = 0), whereas the B-field, whose lines form
continuous closed loops, is solenoidal (∇ · B = 0).

When considering magnetization processes, H is chosen as the independent
variable, M is plotted versus H, and B is deduced from (2.33). The choice
is justified because it is possible to specify H at points inside the material in
terms of the demagnetizing field, acting together with the fields produced by
external magnets and conduction currents.

2.2.4 The demagnetizing field

It turns out that in any uniformly magnetized sample having the form of an
ellipsoid the demagnetizing field Hd is also uniform. The relation between Hd

The H-field goes outside the magnet (fringing field) but also inside 
the magnet (demagnetising field, notice the opposite direction).
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ωHd,i = →Nij
ωMj with i, j = x, y, z

demagnetising tensor, a symmetric 3x3 matrix with unit trace

[Coey]



DEMAGNETISING FIELD

▸ If the material is an ellipsoid: its magnetisation is 
homogeneous. 

▸ The demagnetising field is also homogeneous, and 
collinear to M (although opposing it). 

▸ Along the principal axes of the ellipsoid the three 
remaining components of the demagnetising tensor are 
the demagnetising factors Nx, Ny, Nz.
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Nx +Ny +Nz = 1



DEMAGNETISING FACTORS

Shape M direction N

Long needle Parallel to axis 
Perpendicular to axis

0 
1/2

Sphere Any direction 1/3

Thin film Parallel to plane 
Perpendicular to plane

0 
1

Ellipsoid of 
revolution

Nc = (1- 2Na)

And for other shapes? Complex analytical calculations, 
approximations, numerical (finite elements) calculations, …



INTERNAL AND EXTERNAL FIELDS

▸ Applied field: the field acting on a sample produced by 
electric currents (solenoids, coils, etc.) or by the stray field 
of magnets (electromagnets, permanent magnets) outside 
the sample volume. The sample does not contribute to the 
applied field. 

▸ Internal field in the sample: applied field - demagnetising 
field produced by the magnetisation of the sample itself:

<latexit sha1_base64="0+obnQTbBtuab2jGgouRronA044=">AAACCHicdZDLSsNAFIYnXmu9RV26cLAIghASbasuhKKbLivYC7QhTCaTdujkwsykUEKXbnwVNy4UcesjuPNtnLRRVPSHgY//nMOZ87sxo0Ka5rs2N7+wuLRcWCmurq1vbOpb2y0RJRyTJo5YxDsuEoTRkDQllYx0Yk5Q4DLSdodXWb09IlzQKLyR45jYAeqH1KcYSWU5+l5vRHBan8ALmJOD4NEXe45eMo3zTCdwBtUMzLJlWhVoGeZUJZCr4ehvPS/CSUBCiRkSomuZsbRTxCXFjEyKvUSQGOEh6pOuwhAFRNjp9JAJPFCOB/2IqxdKOHW/T6QoEGIcuKozQHIgftcy869aN5H+mZ3SME4kCfFskZ8wKCOYpQI9ygmWbKwAYU7VXyEeII6wVNkVVQifl8L/oXVsWFWjcl0u1S7zOApgF+yDQ2CBU1ADddAATYDBLbgHj+BJu9MetGftZdY6p+UzO+CHtNcP4gOZTA==</latexit>

ωH = ωHa + ωHd



THE DEATH LOOP

Ha

modifies M

affects Hd

modifies the internal field



THE DEATH LOOP

Ha

modifies M

affects Hd

modifies the internal field

• closed magnetic circuit measurements (toroids/rings, permeameters, Epstein yokes, etc) 
• open magnetic circuit measurements 

• ellipsoidal samples 
• samples with a shape that allows approximate calculation of demagnetising fields 
• samples with standardised shape and size, only Ha is considered, and M is not uniform 

(an average value is taken as representative)



HYSTERESIS LOOPS

▸ H is taken as the independent variable. 

▸ M is measured somehow as a function of H. 

▸ B is calculated. 

▸ If you know Hd: great! You know H. 

▸ If you do not know Hd (not even approximately) or don’t 
care (…), use Ha. And then M is not homogeneous. Learn to 
live with that.



IN EVERYDAY LIFE



MAGNETIC DIPOLES

▸ A magnetised bar submerged into a uniform magnetic field 
is subject to a torque: 

▸ The work done by the torque gives rise to a potential energy 
U: 

▸ When p tends to infinity and l tends to 0, the magnetised bar 
is a dipole and m = pl.

<latexit sha1_base64="yXZT8FoPsU92QLRNG7u+qD46Rss=">AAAB+3icdVBNS8NAEN34WetXrEcvi0XwYkm0rXoQil568FDBfkBTyma7bZduNmF3IpbQv+LFgyJe/SPe/Ddu2goq+mDg8d4MM/P8SHANjvNhLSwuLa+sZtay6xubW9v2Tq6hw1hRVqehCFXLJ5oJLlkdOAjWihQjgS9Y0x9dpX7zjinNQ3kL44h1AjKQvM8pASN17dw1vsBHkah6mksPhgxI1847hfMUJ3hGyilxiq7jlrBbcKbIozlqXfvd64U0DpgEKojWbdeJoJMQBZwKNsl6sWYRoSMyYG1DJQmY7iTT2yf4wCg93A+VKQl4qn6fSEig9TjwTWdAYKh/e6n4l9eOoX/WSbiMYmCSzhb1Y4EhxGkQuMcVoyDGhhCquLkV0yFRhIKJK2tC+PoU/08axwW3XCjdFPOVy3kcGbSH9tEhctEpqqAqqqE6ougePaAn9GxNrEfrxXqdtS5Y85ld9APW2ydKC5QD</latexit>

L = →plH sin ω

angle between H and M

length of the magnet

magnetic charges at magnet poles

<latexit sha1_base64="TwWFI+zShmfr0xyI8A/vUgRdFxk=">AAAB+nicdVDLSgNBEJyNrxhfGz16GQyCF8OuJlEPQtBLLkIENwlkQ5idTJIhsw9mepWw5lO8eFDEq1/izb9xNomgogUNRVU33V1eJLgCy/owMguLS8sr2dXc2vrG5paZ326oMJaUOTQUoWx5RDHBA+YAB8FakWTE9wRreqPL1G/eMql4GNzAOGIdnwwC3ueUgJa6Zt7B5/jwqubSULkwZEC6ZsEqnqU4xjNSSYlVsi27jO2iNUUBzVHvmu9uL6SxzwKggijVtq0IOgmRwKlgk5wbKxYROiID1tY0ID5TnWR6+gTva6WH+6HUFQCeqt8nEuIrNfY93ekTGKrfXir+5bVj6J92Eh5EMbCAzhb1Y4EhxGkOuMcloyDGmhAqub4V0yGRhIJOK6dD+PoU/08aR0W7UixflwrVi3kcWbSL9tABstEJqqIaqiMHUXSHHtATejbujUfjxXidtWaM+cwO+gHj7RNK+pNu</latexit>

U = →MH cos ω
M tends to align to H (minimum of U)



MAGNETIC FIELDS
▸ You can only measure external fields. 

▸ Often you assume that the applied field = external field. 

▸ Demagnetising fields are among the major responsible for the 
magnetisation non-uniformity in a magnetic material. 

▸ Calculating fields outside magnetised materials can be done: 

▸ by integrating the dipolar field over the volume distribution of the 
magnetisation 

▸ by replacing the magnetisation by an equivalent distribution of 
current density (B correct outside and inside the magnetic material) 

▸ by replacing the magnetisation by an equivalent distribution of 
magnetic charges (H correct outside but not inside the magnetic 
material)



WHY NOT USING MAGNETIC POTENTIALS?
<latexit sha1_base64="ZudL0PN94G8Ak/h30+vfJQjmTB4=">AAACBnicdVDLSsNAFJ3UV62vqEsRBovgqiTaVl0ItW5cVrAPaEKZTKft0MkkzEwKJWTlxl9x40IRt36DO//GSVpBRQ9cOJxzL/fe44WMSmVZH0ZuYXFpeSW/Wlhb39jcMrd3WjKIBCZNHLBAdDwkCaOcNBVVjHRCQZDvMdL2xlep354QIWnAb9U0JK6PhpwOKEZKSz1z35kQHNcTeAEdjjyGHEV9IjP1MumZRat0nuIEzkg1JVbZtuwKtEtWhiKYo9Ez351+gCOfcIUZkrJrW6FyYyQUxYwkBSeSJER4jIakqylHepcbZ28k8FArfTgIhC6uYKZ+n4iRL+XU93Snj9RI/vZS8S+vG6nBmRtTHkaKcDxbNIgYVAFMM4F9KghWbKoJwoLqWyEeIYGw0skVdAhfn8L/Seu4ZFdLlZtysVafx5EHe+AAHAEbnIIauAYN0AQY3IEH8ASejXvj0XgxXmetOWM+swt+wHj7BIzMmTs=</latexit>

ωB = →↑ ωA

vector potential, [A] = Tm



WHY NOT USING MAGNETIC POTENTIALS?
<latexit sha1_base64="ZudL0PN94G8Ak/h30+vfJQjmTB4=">AAACBnicdVDLSsNAFJ3UV62vqEsRBovgqiTaVl0ItW5cVrAPaEKZTKft0MkkzEwKJWTlxl9x40IRt36DO//GSVpBRQ9cOJxzL/fe44WMSmVZH0ZuYXFpeSW/Wlhb39jcMrd3WjKIBCZNHLBAdDwkCaOcNBVVjHRCQZDvMdL2xlep354QIWnAb9U0JK6PhpwOKEZKSz1z35kQHNcTeAEdjjyGHEV9IjP1MumZRat0nuIEzkg1JVbZtuwKtEtWhiKYo9Ez351+gCOfcIUZkrJrW6FyYyQUxYwkBSeSJER4jIakqylHepcbZ28k8FArfTgIhC6uYKZ+n4iRL+XU93Snj9RI/vZS8S+vG6nBmRtTHkaKcDxbNIgYVAFMM4F9KghWbKoJwoLqWyEeIYGw0skVdAhfn8L/Seu4ZFdLlZtysVafx5EHe+AAHAEbnIIauAYN0AQY3IEH8ASejXvj0XgxXmetOWM+swt+wHj7BIzMmTs=</latexit>

ωB = →↑ ωA

vector potential, [A] = Tm

Since B is unchanged by gauge transformations of A:

<latexit sha1_base64="lUKCSfHx3pNpyNGpuf2/5p3tAZw="></latexit>

ωA =
1

2
ωB → ωr



WHY NOT USING MAGNETIC POTENTIALS?
<latexit sha1_base64="ZudL0PN94G8Ak/h30+vfJQjmTB4=">AAACBnicdVDLSsNAFJ3UV62vqEsRBovgqiTaVl0ItW5cVrAPaEKZTKft0MkkzEwKJWTlxl9x40IRt36DO//GSVpBRQ9cOJxzL/fe44WMSmVZH0ZuYXFpeSW/Wlhb39jcMrd3WjKIBCZNHLBAdDwkCaOcNBVVjHRCQZDvMdL2xlep354QIWnAb9U0JK6PhpwOKEZKSz1z35kQHNcTeAEdjjyGHEV9IjP1MumZRat0nuIEzkg1JVbZtuwKtEtWhiKYo9Ez351+gCOfcIUZkrJrW6FyYyQUxYwkBSeSJER4jIakqylHepcbZ28k8FArfTgIhC6uYKZ+n4iRL+XU93Snj9RI/vZS8S+vG6nBmRtTHkaKcDxbNIgYVAFMM4F9KghWbKoJwoLqWyEeIYGw0skVdAhfn8L/Seu4ZFdLlZtysVafx5EHe+AAHAEbnIIauAYN0AQY3IEH8ASejXvj0XgxXmetOWM+swt+wHj7BIzMmTs=</latexit>

ωB = →↑ ωA

vector potential, [A] = Tm

Since B is unchanged by gauge transformations of A:

<latexit sha1_base64="lUKCSfHx3pNpyNGpuf2/5p3tAZw="></latexit>

ωA =
1

2
ωB → ωr

<latexit sha1_base64="eRVH2oY9QgL7tx4J66XTDIRCC8I="></latexit>

ωA(ωr) =
µ0

4ε

ωm→ ωr

r3
For example, the vector potential of a magnetic dipole:



WHY NOT USING MAGNETIC POTENTIALS?
<latexit sha1_base64="ZudL0PN94G8Ak/h30+vfJQjmTB4=">AAACBnicdVDLSsNAFJ3UV62vqEsRBovgqiTaVl0ItW5cVrAPaEKZTKft0MkkzEwKJWTlxl9x40IRt36DO//GSVpBRQ9cOJxzL/fe44WMSmVZH0ZuYXFpeSW/Wlhb39jcMrd3WjKIBCZNHLBAdDwkCaOcNBVVjHRCQZDvMdL2xlep354QIWnAb9U0JK6PhpwOKEZKSz1z35kQHNcTeAEdjjyGHEV9IjP1MumZRat0nuIEzkg1JVbZtuwKtEtWhiKYo9Ez351+gCOfcIUZkrJrW6FyYyQUxYwkBSeSJER4jIakqylHepcbZ28k8FArfTgIhC6uYKZ+n4iRL+XU93Snj9RI/vZS8S+vG6nBmRtTHkaKcDxbNIgYVAFMM4F9KghWbKoJwoLqWyEeIYGw0skVdAhfn8L/Seu4ZFdLlZtysVafx5EHe+AAHAEbnIIauAYN0AQY3IEH8ASejXvj0XgxXmetOWM+swt+wHj7BIzMmTs=</latexit>

ωB = →↑ ωA

vector potential, [A] = Tm

Since B is unchanged by gauge transformations of A:

<latexit sha1_base64="lUKCSfHx3pNpyNGpuf2/5p3tAZw="></latexit>

ωA =
1

2
ωB → ωr

<latexit sha1_base64="eRVH2oY9QgL7tx4J66XTDIRCC8I="></latexit>

ωA(ωr) =
µ0

4ε

ωm→ ωr

r3
For example, the vector potential of a magnetic dipole:

Use this ___ on that ___ and you obtain B of a dipole.



WHY NOT USING MAGNETIC POTENTIALS?
<latexit sha1_base64="G8m6tWZJVsWxwsjDtfT8kS5r/rU=">AAACBHicdVA9SwNBEN2LXzF+RS3TLAbBxnCnSdRCCNqkjGA+IBfC3GaTLNnbO3b3AuFIYeNfsbFQxNYfYee/cS+JoKIPBh7vzTAzzws5U9q2P6zU0vLK6lp6PbOxubW9k93da6ggkoTWScAD2fJAUc4ErWumOW2FkoLvcdr0RteJ3xxTqVggbvUkpB0fBoL1GQFtpG42544piatTfImPXQEeB+yOQYZD1vW72bxduEhwiueknBC76NhOCTsFe4Y8WqDWzb67vYBEPhWacFCq7dih7sQgNSOcTjNupGgIZAQD2jZUgE9VJ549McWHRunhfiBNCY1n6veJGHylJr5nOn3QQ/XbS8S/vHak++edmIkw0lSQ+aJ+xLEOcJII7jFJieYTQ4BIZm7FZAgSiDa5ZUwIX5/i/0njpOCUC6WbYr5ytYgjjXLoAB0hB52hCqqiGqojgu7QA3pCz9a99Wi9WK/z1pS1mNlHP2C9fQIwnZfb</latexit>

ωH = →↑εm

scalar potential, [fm] = A

valid only if H is produced by magnets 
and not by conduction currents



WHY NOT USING MAGNETIC POTENTIALS?
<latexit sha1_base64="G8m6tWZJVsWxwsjDtfT8kS5r/rU=">AAACBHicdVA9SwNBEN2LXzF+RS3TLAbBxnCnSdRCCNqkjGA+IBfC3GaTLNnbO3b3AuFIYeNfsbFQxNYfYee/cS+JoKIPBh7vzTAzzws5U9q2P6zU0vLK6lp6PbOxubW9k93da6ggkoTWScAD2fJAUc4ErWumOW2FkoLvcdr0RteJ3xxTqVggbvUkpB0fBoL1GQFtpG42544piatTfImPXQEeB+yOQYZD1vW72bxduEhwiueknBC76NhOCTsFe4Y8WqDWzb67vYBEPhWacFCq7dih7sQgNSOcTjNupGgIZAQD2jZUgE9VJ549McWHRunhfiBNCY1n6veJGHylJr5nOn3QQ/XbS8S/vHak++edmIkw0lSQ+aJ+xLEOcJII7jFJieYTQ4BIZm7FZAgSiDa5ZUwIX5/i/0njpOCUC6WbYr5ytYgjjXLoAB0hB52hCqqiGqojgu7QA3pCz9a99Wi9WK/z1pS1mNlHP2C9fQIwnZfb</latexit>

ωH = →↑εm

scalar potential, [fm] = A

valid only if H is produced by magnets 
and not by conduction currents

The scalar potential satisfies:
<latexit sha1_base64="W8V2tKMIaqx0JIB15UX+a08eq7I=">AAACBHicdVA9SwNBEN2L3/ErammzGAQbj7uoUQtBtLFUMEbIncfcZpMs2d07dvcCIVjY+FdsLBSx9UfY+W/cSyKo6IOBx3szzMyLU8608bwPpzAxOTU9MztXnF9YXFouraxe6SRThNZIwhN1HYOmnElaM8xwep0qCiLmtB53T3O/3qNKs0Remn5KQwFtyVqMgLFSVFoPJMQcbipBD1TaYZHAR3g7UJ0kElGp7LmHOXbwiFRz4u36nr+HfdcboozGOI9K70EzIZmg0hAOWjd8LzXhAJRhhNPbYpBpmgLpQps2LJUgqA4Hwydu8aZVmriVKFvS4KH6fWIAQuu+iG2nANPRv71c/MtrZKZ1EA6YTDNDJRktamUcmwTnieAmU5QY3rcEiGL2Vkw6oIAYm1vRhvD1Kf6fXFVcv+ruXeyWj0/GccyidbSBtpCP9tExOkPnqIYIukMP6Ak9O/fOo/PivI5aC854Zg39gPP2CUHll+I=</latexit>

→2ωm = ↑εm
<latexit sha1_base64="HzwZ02GjXldZiOXN+sMBo9mft58=">AAACBXicdVDLSgMxFM3UV62vUZe6CBbBjWVG26oLoejGjVDBPqAzlEyatqGZZEgyhTJ048ZfceNCEbf+gzv/xkxbQUUPXDiccy/33hNEjCrtOB9WZm5+YXEpu5xbWV1b37A3t+pKxBKTGhZMyGaAFGGUk5qmmpFmJAkKA0YaweAy9RtDIhUV/FaPIuKHqMdpl2KkjdS2dz3ZF+0QnsNDj6OAIQ93hPaGBCfX47addwpnKY7hlJRT4hRdxy1Bt+BMkAczVNv2u9cROA4J15ghpVquE2k/QVJTzMg458WKRAgPUI+0DOUoJMpPJl+M4b5ROrArpCmu4UT9PpGgUKlRGJjOEOm++u2l4l9eK9bdUz+hPIo14Xi6qBszqAVMI4EdKgnWbGQIwpKaWyHuI4mwNsHlTAhfn8L/Sf2o4JYLpZtivnIxiyMLdsAeOAAuOAEVcAWqoAYwuAMP4Ak8W/fWo/VivU5bM9ZsZhv8gPX2CWJmmI8=</latexit>

ωm = →↑ · εM
<latexit sha1_base64="dKEZOgi8eq2nSH+QY1KE0iPQk00=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4KjPaVl0IRTduhAr2AZ1SMultG5rMDEmmUIZu3fgrblwo4tY/cOffmJlWUNEDgcM553JzjxdyprRtf1iZhcWl5ZXsam5tfWNzK7+901BBJCnUacAD2fKIAs58qGumObRCCUR4HJre6DLxm2OQigX+rZ6E0BFk4LM+o0QbqZvHrmIDQboCn2N3DDS+nrq0F+iUw7RrIgW7eJbgGM9IJSF2ybGdMnaKdooCmqPWzb+7vYBGAnxNOVGq7dih7sREakY5THNupCAkdEQG0DbUJwJUJ04vmeIDo/RwP5Dm+Rqn6veJmAilJsIzSUH0UP32EvEvrx3p/mknZn4YafDpbFE/4lgHOKkF95gEqvnEEEIlM3/FdEgkodqUlzMlfF2K/yeNo6JTKZZvSoXqxbyOLNpD++gQOegEVdEVqqE6ougOPaAn9GzdW4/Wi/U6i2as+cwu+gHr7RM64Jq8</latexit>

ωm = εM · εen

magnetic charge density in the bulk

magnetic charge density at the surface



WHY NOT USING MAGNETIC POTENTIALS?
<latexit sha1_base64="G8m6tWZJVsWxwsjDtfT8kS5r/rU=">AAACBHicdVA9SwNBEN2LXzF+RS3TLAbBxnCnSdRCCNqkjGA+IBfC3GaTLNnbO3b3AuFIYeNfsbFQxNYfYee/cS+JoKIPBh7vzTAzzws5U9q2P6zU0vLK6lp6PbOxubW9k93da6ggkoTWScAD2fJAUc4ErWumOW2FkoLvcdr0RteJ3xxTqVggbvUkpB0fBoL1GQFtpG42544piatTfImPXQEeB+yOQYZD1vW72bxduEhwiueknBC76NhOCTsFe4Y8WqDWzb67vYBEPhWacFCq7dih7sQgNSOcTjNupGgIZAQD2jZUgE9VJ549McWHRunhfiBNCY1n6veJGHylJr5nOn3QQ/XbS8S/vHak++edmIkw0lSQ+aJ+xLEOcJII7jFJieYTQ4BIZm7FZAgSiDa5ZUwIX5/i/0njpOCUC6WbYr5ytYgjjXLoAB0hB52hCqqiGqojgu7QA3pCz9a99Wi9WK/z1pS1mNlHP2C9fQIwnZfb</latexit>

ωH = →↑εm

scalar potential, [fm] = A

valid only if H is produced by magnets 
and not by conduction currents

The scalar potential satisfies:
<latexit sha1_base64="W8V2tKMIaqx0JIB15UX+a08eq7I=">AAACBHicdVA9SwNBEN2L3/ErammzGAQbj7uoUQtBtLFUMEbIncfcZpMs2d07dvcCIVjY+FdsLBSx9UfY+W/cSyKo6IOBx3szzMyLU8608bwPpzAxOTU9MztXnF9YXFouraxe6SRThNZIwhN1HYOmnElaM8xwep0qCiLmtB53T3O/3qNKs0Remn5KQwFtyVqMgLFSVFoPJMQcbipBD1TaYZHAR3g7UJ0kElGp7LmHOXbwiFRz4u36nr+HfdcboozGOI9K70EzIZmg0hAOWjd8LzXhAJRhhNPbYpBpmgLpQps2LJUgqA4Hwydu8aZVmriVKFvS4KH6fWIAQuu+iG2nANPRv71c/MtrZKZ1EA6YTDNDJRktamUcmwTnieAmU5QY3rcEiGL2Vkw6oIAYm1vRhvD1Kf6fXFVcv+ruXeyWj0/GccyidbSBtpCP9tExOkPnqIYIukMP6Ak9O/fOo/PivI5aC854Zg39gPP2CUHll+I=</latexit>

→2ωm = ↑εm
<latexit sha1_base64="HzwZ02GjXldZiOXN+sMBo9mft58=">AAACBXicdVDLSgMxFM3UV62vUZe6CBbBjWVG26oLoejGjVDBPqAzlEyatqGZZEgyhTJ048ZfceNCEbf+gzv/xkxbQUUPXDiccy/33hNEjCrtOB9WZm5+YXEpu5xbWV1b37A3t+pKxBKTGhZMyGaAFGGUk5qmmpFmJAkKA0YaweAy9RtDIhUV/FaPIuKHqMdpl2KkjdS2dz3ZF+0QnsNDj6OAIQ93hPaGBCfX47addwpnKY7hlJRT4hRdxy1Bt+BMkAczVNv2u9cROA4J15ghpVquE2k/QVJTzMg458WKRAgPUI+0DOUoJMpPJl+M4b5ROrArpCmu4UT9PpGgUKlRGJjOEOm++u2l4l9eK9bdUz+hPIo14Xi6qBszqAVMI4EdKgnWbGQIwpKaWyHuI4mwNsHlTAhfn8L/Sf2o4JYLpZtivnIxiyMLdsAeOAAuOAEVcAWqoAYwuAMP4Ak8W/fWo/VivU5bM9ZsZhv8gPX2CWJmmI8=</latexit>

ωm = →↑ · εM
<latexit sha1_base64="dKEZOgi8eq2nSH+QY1KE0iPQk00=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4KjPaVl0IRTduhAr2AZ1SMultG5rMDEmmUIZu3fgrblwo4tY/cOffmJlWUNEDgcM553JzjxdyprRtf1iZhcWl5ZXsam5tfWNzK7+901BBJCnUacAD2fKIAs58qGumObRCCUR4HJre6DLxm2OQigX+rZ6E0BFk4LM+o0QbqZvHrmIDQboCn2N3DDS+nrq0F+iUw7RrIgW7eJbgGM9IJSF2ybGdMnaKdooCmqPWzb+7vYBGAnxNOVGq7dih7sREakY5THNupCAkdEQG0DbUJwJUJ04vmeIDo/RwP5Dm+Rqn6veJmAilJsIzSUH0UP32EvEvrx3p/mknZn4YafDpbFE/4lgHOKkF95gEqvnEEEIlM3/FdEgkodqUlzMlfF2K/yeNo6JTKZZvSoXqxbyOLNpD++gQOegEVdEVqqE6ougOPaAn9GzdW4/Wi/U6i2as+cwu+gHr7RM64Jq8</latexit>

ωm = εM · εen

magnetic charge density in the bulk

magnetic charge density at the surface
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ωm · ωr
4εr3

For example a magnetic moment produces a scalar potential of



AGAIN MAGNETIC DIPOLES

▸ A magnetised bar submerged into a non-uniform magnetic 
field (gradient) is subject to a force: 

▸ To minimise the energy, this force pulls the magnet where 
the field is the greatest (a diamagnet is repelled instead).
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ωfm = →(ωm · ωB)
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AND DON’T FORGET HYSTERESIS

▸ All this said and done, remember that µr = µr(H) through a 
non-linear, multi-valued function. 

▸ Hysteresis is: 

▸ non local: magnetisation at a given point depends on the 
values of the magnetisation elsewhere. 

▸ rate-dependent: how fast does the excitation field 
change in time? 

▸ persistent: magnetisation at a given field depends on the 
previous values of the field (to a certain extent).
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