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T 7 ~ omic Number D <— Atomic symbol 3 Z 2 i 5 >I0—<
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38.21 40.08 50.94 52.00 55.85 55.85 58.93 58.69 . 65.39 69.72 72.61 74.92 78.96 79.90 83.80
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37Rb |38 Sr 4l Nb[*2 Mo 47 Agl[*¥® Cd [*° In [°Sn J' Sb [*2 Te P31 4Xe
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55Cs [**Ba 3Ta SRe [7¢Os [77Ir Au [®°Hg [2'T1 [52Pb [®3Bi o t [%Rn
13.29 137.3 180.9 186.2 190.2 1922 197.0 200.6 204.4 207.2 209.0 2 2 2
| + 6s° 2 + 6s° 5 + 5d° 4 + 543 3 + 5d° 4 + 5d° I + 5d'0 2 + 5d'° 3 + 5d'° 4 + 5d'0
\, <z
57Fr Y%Ra
223 226.0 .
2+ 7s° y Y7 A
L 8Ce [*°Pr [*°*Nd m [2Sm [BEu [<-H*>Tb [**Dy [*’Ho [*®Er [¢*Tm][’°Yb [7'Lu
140.1 140.9 1442 I 150.4 152.0 158.9 162.5 164.9 167.3 168.9 173.0 175.0
4 + 4f° 3+ 4f2 3 + 4f 3 + 4f 2+ 4 3 +4f 3 +4f 3 + 4f1° 3 + 41! 3 + 4f12 3+ 4f13 3+ 414
9 0 90 9 9 9 8 0 8 0 6
°Th [°'Pa [P2U [>>Np [XPu m|*Cm [MBk Cf s Fm [YMd [RXNo [RLr
232.0 231.0 238.0 238.0 2 2 2 2 2 2 2 2 2 2
4+ 50 5+ 5f° 4+ 5 5+ 5f2

:] Nonmetal
C— ) Mew
Radioactive

() Diamagnec
) Paramagner
BOLD ) Magnetic atom

_ Ferromagnet T > 290K
_ Antiferromagnet with T, > 290K

= Antiferromagnet/Ferromagnet with T\ /T < 290 K




Challenge for modelling materials’ properties

In atoms, molecules and solids, many (10%- 10%4) interacting
electrons and nuclei. Modelling must account for

* Kinetic energies of electrons (and nuclei)
* Electromagnetic interactions
* Indistinguishability of identical electrons, each with spin Y2h
---- > antisymmetric many electron wavefunctions
(Pauli Exclusion Principle PEP)
W1, X Xy euny Xjy eey Xy een ) = — WX 1, Xy Xgy oeny Xy oeny Xjy enn)



Atomic Magnetism - topics

* Electron on the H-atom -revision of angular momentum in QM
* Charged particle in a magnetic field B
 H-atom in constant B, orbital and spin moments,
U= ﬁ Lu= %S, Total y, =ﬁ (L+g8S)
* Many electrons in atoms, wavefunctions in terms of
antisymmetricised products of 1 — electron functions
* Hund’s Rules

« Zeeman effect 2 paramagnetism, susceptibility y,
(diamagnetism, crystal fields)



Electron in a H-atom

@ One electron and a symmetric potential, (e.g. H-atom)

lectrons P electrons
L O0V(r,t) h? > Se d electrons
2 = ——VV(r, t) + V(r)V(r,t
i = = VAU )+ V(NW(r ) »
with stationary states @
Y(r, t) = Oy m(r, 6, 0)uge Ent/h m=2

where
(Dn,l,m(ry 97 (b) — Rnl(r) Ylm(‘97 (b)

and principal, n=1,2,---, angular momentum,
[=0,1,---,n—1land m=—/,—[+1,---,/ and spin,
o =1,], quantum numbers.

o H-atom: V(r) = £ E,= —13—2;6 eV.

"~ Ameor?




Charged particle in
a magnetic field

Classical picture: with magnetic B =V X A and electric fields E = -VV —
the Hamiltonian is

8t’
H= 1( Ay +qV
=5 (P—aA) +q

v ‘ with particle’s motion set by
dv

E X B
=~ 4B+ (vxB))
Quantum: HU(r,t) = hw(r ) and p — —ihV.

In a constant magnetic field B A = ——(r x B) and the Schrodinger Eq. is

oV¥(r,t)
ot

2m 2m m

hQ 2 B 2
(——V2——B {4 CrxB) —I—qV) U(r,t) = ih

A

The angular momentum L = (r x p) where the components follow [L, L, — L,L,] = ihL.] etc.

A

leads to an magnetic moment pu = 5L

In a weak magnetic field (Zeeman Effect) the degeneracy of the energy levels of the electron in a
hydrogen atom are broken and become E,, + m<E

2me *



So, in a weak magnetic fields spectral lines split

eBh/2me I m=1

n=3, =0, 1, 2 m=0

m:-

m=-2

but splitting is further doubled

(Stern Gerlach experiment)

- electrons’ intrinsic spin 1/2 h
and spin magnetic moment, p..

M FEBRUAR 1922 WURDE IN DIESEM GEBAUDE DES

PHYSIKALISCHEN VEREINS, FRANKFURT AM MAIN,
VON OTTO STERN UND WALTHER GERLACH DIE’
FUNDAMENTALE ENTDECKUNG DER RAUMQUANTISIERUNG
DER MAGNETISCHEN MOMENTE IN ATOMEN GEMAC«CHT'




Spin, spin moments, Pauli matrices...

: : . : h
* An electron has spin 2h with spin magnetic moment, %a = Ug0oO
Interaction with magnetic field - uz B. 0, eigenvalues + pz B

* Spin properties captured by 2 X 2 matrices: Pauli spin matrices,

o = (o,,0,,0,). Spin angular momentum S="'2h o

y}

Pauli-Schrodinger Eq. (omitting diamagnetic term)

Relativistic QM, Dirac Eq. --- spin arises naturally and leading
relativistic corrections include spin-orbit coupling A(r) L. S



Atomic Magnetism - topics

* Electron on the H-atom -revision of angular momentum in QM
* Charged particle in a magnetic field B
 H-atom in constant B, orbital and spin moments,
U= ﬁ Lu= %S, Total y, :ﬁ (L+g8S)
* Many electrons in atoms, wavefunctions in terms of
antisymmetricised products of 1 — electron functions
* Hund’s Rules

« Zeeman effect 2 paramagnetism, susceptibility y,
(diamagnetism, crystal fields)



Many electrons in atoms — spin and exchange

@ Helium atom, Z = 2, to illustrate.
Kinetic energy of 1st electron, its attraction to doubly charged
nucleus, kinetic energy of 2nd electron, its attraction to
nucleus, repulsion between the two electrons.

2
H=Hy+

471’50“‘1 — I’2’

HW}\ = E)\\U)\, W)\(r17017r2702) - —W)\ r2,0'2,|'1,0'1)-

o Neglect e-e interaction and Wy (r1, 01,1, 07) =
ﬁ(%(rl)ul,o—(bb(rz)uz,a/ — ¢a(r2) 2,0 Pb(r1)u1,0r) Where

a=(nl,m), b= (n",I'm'), 0,0’ =1, and Da(p) are E,+E,+V ——

one-electron hydrogenic functions for Z = 2.

o Show that e-e interaction breaks degeneracy to split states
into two sets: a triplet with spin S =1,(11) and a singlet with
spin S =0,(1}) and energies E, + 5+ (V - J) and
Ea+ Ep+(V + J) respectively.

o Coulomb integral

V= / / 19a(r2) PVee(|11 — r2])|65(r2) 2y

and Exchange integral

5= [ [ o5tm)oulen)Veulrs - ral)itraoslrz)arsar
jt ' S=0
I '
11

S=1



Many electrons in atoms

2 electrons in same spatial state occupy different
spin states (S=0), electrons with ‘parallel’ spins

(S=1) tend to avoid each other --- spin correlation.

Magnetic properties of matter.

Many electron wavefunctions as Slater
determinants of 1-electron wavefunctions.

Each electron in effective potential set up by

nucleus and other electrons, | degeneracy broken.

Products of states labelled as 1s2, 2s2, 2p6,...

Hunds’ Rules

n 1 m, m, No of states
1s 1 0 0 +1/2 2
2s 2 0 0 +1/2 2
2p 2 1 0,£1 +1/2 6
3s 3 0 0 +1/2 2
3p 3 1 0,1 +1/2 6
3d 3 2 0,£1,+2 +1/2 10
4s 4 0 0 +1/2 2
4p 4 1 0,£1 +1/2 6
4d 4 2 0,£1,+2 £1/2 10
4f 4 3 0,£1,£2,+3 | £1/2 14
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The 2 main series of magnetic elements
Rare-earth element Transition-metal element

5d, 6s

4f electrons : inner shell
3d electrons : outer shell 0.360m 0.25nm

A
\j
A
Y

A Cobalt
Gadolinium

leads to very different
behaviours

{~R{r)?




Hunds’ Rules

First add orbital L and spin S momenta of the electrons Hunds’ Rules:

Then couple themto givetotal J=L+ S )
To determine ground state of

)2 >, j(j+1) h? L, 2>mh,m=-),-]+1,..,) many electron atom/ion

J=|L+S|,|L+S-1], ..., |L-S] 1. Maximise S

Different J-states are termed multiplets 2>*7X
X=S,P,D,FG,..forL=0,1,2, 3,4, ... 2. Maximise L consistent with S

Total magnetic moment sty = — - (L +g8) =g~ 3.Couple L and S to form ]
where gy =3/2 + (S +1-LL+D)/2U+D . gpeli< halffull, J= |L-S|

 Shell >halffull,J=L+3S



Examples

Co%*ion (CoZ=27) Sm3*ion (SmZ=62)

182, 282, 2p6, 3s2, 3p6, 3d7, (4s2) [Xe], 45, (652, 5d1)

m-2-191 2 m -3-2-1012 3
Y Y N AR N N N N X
NANY

Maximising S =5/2
Maximising L =5
J=|L-S5|=5/2

Maximising S = 3/2
Maximising L =3
J=L+S=9/2

6
4 H
Fo/o 5/2
_ Mn2+:S=5/2, L=0, J= 5/2, 6S,.
Try Mn?* (Mn Z=25)and Ho3* (Ho Z=67) ions Ho%:S=2,L=6, J=8, 5,



10 12 1/

S. J. Blundell, Magnetism in Condensed Matter (OUP, 2001)




Atomic Magnetism - topics

* Electron on the H-atom —revision of angular momentum in QM
* Charged particle in a magnetic field B
 H-atom in constant B, orbital and spin moments,
u= ﬁ Lu= %S, Total y, =ﬁ (L+g8S)
* Many electrons in atoms, wavefunctions in terms of
antisymmetricised products of 1 — electron functions
* Hund’s Rules

» Zeeman effect 2 paramagnetism, susceptibility y,
(diamagnetism, crystal fields)



Zeeman effect, y,
paramagnetism

* What is the change to magnetization M to N atoms in

volume V by applying a magnetic field B?

* Energy levels are splitinto 2J+1

* Partition function Z, Free Energy, magnetisation M

mJ:J

—m B
Zzg e FilksT — g e FET
i

mJ=—J

F=—(N/V)kgT InZ,

OF

M="25

J-1 I g upB
J-2

Paramagnetism weak, positive, T-dependent

(stronger than T-independent diamagnetism).

M_/,L()M

= = P = (V)

2
Hery
3kgT

feff = grs/ (J(J +1))



Workings, saturation magnetization, M, Brillouin function Bj(y)...

mJZJ

-mjjgrup B
Il L S
1

mJ:—J

F=—(N/V)kgT InZ,

oF
M=-35
J 9B
M=DM Y IIEET
s By ( e )

Ms = (N/V)gsppJ

B;(y) = (2/+1) coth ((2J +1) y) — iCoth

2J 2J 2J

J — 00, B (y) = coth(y) — 1
Y

1
J = 5751/2 (y) = tanh(y)

(J+ 1Dy
0.8 =
y— 0,87 (y) 3]
M peM 1or g
X~ B _(N/V)SkBT

terr = gappy/ (J(J + 1))



Supporting material

S. JBlundell, “Magnetism in Condensed Matter”, O. U. P. (2001).

N. W. Ashcroft and N. D. Mermin, “Solid State Physics”, Cengage, (2021).

J. M. D. Coey, "Magnetism and Magnetic Materials”, C. U. P. (2010).

J. Kibler, “Theory of Itinerant Electron Magnetism”, O. U. P., (2021)

Lecture notes from past ESMs by e.g.
S. Blundell, J. M. D. Coey, D. Givord, |. Mertig, W. Wulfhekel,.....
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Exchange interactions, magnetic order and structure - topics

Dipolar interactions between moments, u;’s

Exchange interactions b B inaais bl la

- Direct exchange W{f_ﬂ
- Superexchange
- Indirect exchange p
. , g Peal
Itinerant electrons --- u,’s ? % »

“Spin” models for magnetism over longer length
scales - mean field approximation
Magnetic order, T, T\. Magnetic phases




Dipolar Interactions

Ego ~ (11 -2 — 3(1- R) (2. R))/R3 / \

Edd ~ 0-5 eV R

Dipoles order atv. low T but magnetic ordering
temperatures can be much higher e.g

Tc of Fe ~1000K, Gd ~ 290K, Nd,Fe,,B~ 700K
Ty of antiferromagnetic MnO ~ 120K.

Spin and Exchange effects from many
electrons spread over several atoms
are principal causes of magnetic order
in condensed matter

Need another physical mechanism



Challenge for modelling materials’ properties

* Kinetic energies of electrons (and nuclei)
* Electromagnetic interactions
* Indistinguishability of identical electrons, each with spin Y2h
---- > antisymmetric many electron wavefunctions (PEP)
W(X1, Xy X3y weny Xy ouny Xy e ) = — W (X1, Xy Xgy eeey Xy ey Xy an)

* Many electron states in terms of products of 1-electron states in
effective potentials (HF, DFT, etc.)

* Exchange and spin effects



Exchange interactions

Hydrogen molecule illustration

H," ion first, single electron ‘H
N2 ~)
2m 2m

W(r) = cada(r) + epop(r). L = / S0 Hoa(r)dr, S = / 85(0)6ar)dr

2 electrons in the H, molecule
_t_t_ S=1, both electrons in antisymmetric
anti-bonding state

Eo

' i S=0, both electrons in symmetric

bonding state

energy —

=

o * antibonding

—

2t

—

o bonding

repulsive at all distances

/ anti-bonding MO

bond
dissociation \
energy bonding MO

TEY

I_ r (H-H separation) ————>
1 o ¥ —bond length



Direct exchange

General aspect of 2 electrons —

spins combine to form either an S =0 singlet state (™V)
or an S=1 triplet state (™).

Difference in energy - exchange 2J,

7= [ [ Gutr) anten) Vel = wa]) 6302 60l v
Motivates Heisenberg model
= - Z J” Si . Sj

between pairs of spins

Important when metal atoms like Fe, Mn, Co, Ni are close together



Superexchange

coupled metal spins

P A bonding interactiocns
AFM % <D % result in AFM-
3d

Ligand 2p 5

AN =
FM O ©&<BD ~<— unfilled orbital

orthogonal to filled orbital:
ad Ligand 2p FM-coupled metal spins
3d + 3d vacant

Most often antiferromagnetic, prevalent in transition metal oxides MnQO etc.



Indirect exchange

\ X conduction /
Juq = )

H;
R12
12 cos(2kFR,,)
JRKKY J K- K2 Xcond (R12) X R 3
12
Interaction between 2 o =
*,\‘!“_ R b> ;Q Y LS
partially-filled f-shells e A
. ‘:’:1*"-*;_
in lanthanides via their z > O T
effect on the s ot ¥ 5 .

[Xe] 41" 652541




Exchange interactions, magnetic order and structure - topics

Dipolar interactions between moments, i.’s

Exchange interactions

- Direct exchange

- Superexchange

- Indirect exchange
Itinerant electrons --- p;’s ?

“Spin” models for magnetism over longer length
scales - mean field approximation
Magnetic order, T, Ty . Magnetic phases



Iltinerant and localised electrons

Rare earths in solids are described in terms of both localised
atomic orbitals (partially filled f-shells) and delocalised Bloch waves

of the conduction electrons

Localisation
Degree of electron localisation causes magnetism in solids or not.

* Simple metals and semi-conductors — non-magnetic
* Rare earth atoms have atomically localised magnetic moments
* Transition metals have partially filled d-shells, weakly localised electrons

subject to itinerant exchange interactions.

Stoner model paradigm (rigorously with DFT)



ltinerant electrons and the Stoner model

(G0 + B (1) 8+ V91 (6)) () = B (),

2m 2m

Er Ep 4 7 4 [N=7V 77V 7R Z P a7 == 0.008
. \
= ®5(r)0,(r), M(r) = > @}, (r)SP,(r) NIER oo
. 24§§ 0.004
V.. and Bgi depend on charge and spin A .
densities n(r) and M(r). A ferromagnetic metal 139 )7‘{/?‘;;‘;‘;“:“:‘;“:“::;‘1{ g 0.002
: . : ; /7 ~\ /S am N\ ~—
sustams.a finite spin dens!ty M‘and the. named g RS o syt § B
electronic band structure is spin-polarised. O F—=~~SNANN\ L /N AT
SN N N Y e AN T L L
SOSNONONONNNNNNNN PV Y tt
. . g . & ﬂ_%k\\\\\ﬁ/f] p=2 = r—-QWQ
Local magnetic moments are identified in P~~~ N~ f 1 A
: ¢ : ’ 5 SN~~~/ |
regions around the atoms. These are the ‘spins S SN i £ -0.004
for describing magnetic order in itinerant L :::Z;}‘ /
electron magnets with orientations {e;} AN S \:::;; { oo
\\\L\\\\\\\}\f 1 3at

-0.008

| |
P T 0 1 2 3

|. Mertig ESM 2017 lecture notes



DOS (E) [states/eV/atom]

Spin-polarised density of states of the electrons

E-E[eV]

D(E), d.o.s.
D' Y(E) = D(E =1M/2)
M=N'— N

Ferromag. if (I D(Ef)) > 1
Stoner criterion

DOS (E) [states/Ry/atom]

20

20

[
o =
N P S S S |

-
=
L

-'

wave vector k n*(E) (sts./eV) n'(E) (sts./eV)

b.c.c. Fe non-magnetic and
ferromagnetic bands and density of states



Fluctuating local moments and itinerant electrons

Slow nuclei vibrations about nearly fixed crystal lattice positions
surrounded by electron glue with fast and slow fluctuations - - -

Spin waves at low T coalesce into v 1 V V v V\]

‘local moments’ at higher T -

"’\;r"

local polarisation of electronic spin
density around an atom changes
orientation slowly on time scale

of other electronic behaviours, {&;}.

Energies H{é;}.

w
S

1)
S

Majority Spin

-

5

=

Minority Spin

w
=

Density of States (states per Ry per spin)
8 S

1 1
06 04 02 0 02 04
Energy (Ry)

Iron above the Curie temperature

o AN
T |

o

Density of states

0.3 05 0.7 0.9
Energy (Ry.)

T
“

(c)

“wh

f

@/

b

4

i:‘

’Spins’ from collective behaviour of the
electrons for further atomistic modelling

Localised and itinerant magnetism

0 200

400

T(K)

600

800

1000



Exchange interactions, magnetic order and structure - topics

Dipolar interactions between moments, i.’s

Exchange interactions

- Direct exchange

- Superexchange

- Indirect exchange
Itinerant electrons --- u;’s ?

“Spin” models for magnetism over longer length
scales - mean field approximation
Magnetic order, T, Ty . Magnetic phases



Spin models, magnetic ordering and structure




Mean field approximation

A very useful inequality,
the Feynman — Peierls’ Inequality

F<Fy+(H-Hy)y=T, [:[O:ZSi'hi- (al)f e (b)' ‘ | (c)
; | © 00 0O0OGOOOO
OF o0 . E1dl BRIl easmws vax
8h:OhZ:a?7 mi:<S’i>07 Q:<H>0 bttt I ooooooooot
1 v Sh " I T | | | | ©00&% 000000
h = gusB — S Jiym; 4 - — B e
g = 3 Jimny e S<kBT>\hZ- 1100 kilf SeScmesals
) ) J S I T | | o @ oo0o0o00o00O0O0
Weiss field Brillouin function again
(d)
For ferromagnetic order, m; =m,=mg.....=m, NAURIRIRSIRIRIRIRARS R RURURIRSIRYRY
antiferromagnetic, e.g. m’s m;=-my=mz=-my ..... ©
e

N . eYoroTYAIATATAYA YA IO YO Yo YAYAYA
m(R) = mg (cos(Q.R) sina, sin(Q. R) sina, cos a) |\ | 1\/, L) l\// ) 1</| 1, \\/‘ |\>| AV 1\// \/\ Yivle \ 1‘ |
S. J. Blundell, Magnetism in Condensed Matter (OUP, 2001)




Co lie Ni

- iiii at room temperature




Example of Nd2Fe14B —the ubiquitous magnet

1.0 “ b C ° Feigr1 L] Ndf
Wy, I P
0.8- RN AT Fewt e Fey
ST P .
gos N P E—
~— N N ‘\\
= ol e | So00f T
: ®  Fem e Ndy \\‘\Q\\\ N <= ""“"»-..:
Fei6io e Nd, Sy
0.2 Fegji o Te, \\' 1003
0.0, e Fegp *  Fey
01 : : 0 .
0.00 0.25 0.50 0.75 1.00 0.25 0.50 0.75 1.00
T/Te T/Tc

J. Bouaziz et al. PRB 107, L020401,(2023).

1 T )
() = —5%:$]mzm] — ZZL:BI(sz)

Pairwise exchange J; and higher order B, parameters
produced for further atomistic spin modelling.

Alnico

¥ Ferrite

R ‘ Fe ‘B
C X XXX

4f 49 4c 4de 8j; 8j, 16k, 16k, 49

B Nd-Fe-B
¥ Sm-Co
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Exchange interactions

- Direct exchange
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- Indirect exchange
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length scales - mean field approximation
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