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Energy terms:

• Kinetic energy                               eV

• Coulomb energy                           eV

• Size of atom given by balance of these two terms

• Spin-orbit   ~ meV
• Magnetocrystalline anisotropy ~ µeV
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Eigenfunctions:   s = (|yA> + |yB>)/√2   (Symmetric, bonding)
s* = (|yA> - |yB>)/√2   (Antisymmetric, antibonding)
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Why do you get H2 and not He2?
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Two-electron model
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Two-electron model
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Bethe-Slater curve
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Consider 2 electrons: their spins can combine to form either an antisymmetric
singlet state �S (S = 0) or a symmetric triplet state �T (S = 1). The wave
function, which is a product of spatial and spin terms, must be antisymmetric
overall. Hence:

�S = [⇥1(r1)⇥2(r2) + ⇥1(r2)⇥2(r1)]�S

�T = [⇥1(r1)⇥2(r2)� ⇥1(r2)⇥2(r1)]�T

The energies of the two possible states are

ES =
�

��
SĤ�S dr1 dr2

ET =
�

��
T Ĥ�T dr1 dr2

so that the di⇥erence between the two energies is

ES � ET = 4
�

��
1(r1)��

2(r2)Ĥ�1(r2)�2(r1) dr1 dr2.

The energy is then E = 1
4 (ES + 3ET )� (ES �ET )S1 · S2. The spin-dependent

term can be written Hspin = �JS1 · S2. 13
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Eigenstate ms s Ŝ
a

· Ŝb

|⇥⇥⌅ 1 1 1
4

|⇥⇤⌅+ |⇤⇥⌅⇧
2

0 1 1
4

|⇤⇤⌅ �1 1 1
4

|⇥⇤⌅ � |⇤⇥⌅⇧
2

0 0 � 3
4

Ĥ = AŜ
a
· Ŝb Ŝ

tot
= Ŝa + Ŝb

(Ŝ
tot

)2 = (Ŝa)2 + (Ŝb)2 + 2Ŝa · Ŝb

Ŝ
a

· Ŝb =
�

1
4 if s = 1
� 3

4 if s = 0.

Singlet: E = �3A/4

Triplet: E = A/4

=�
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• Interaction between pair of spins motivates the 
general form of the Heisenberg model:

• The quantity        gives the exchange energy 
between two spins.  Be very careful on the factor 
of two between different conventions of the 
definition of J.

Jij
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Ĥ = �
X

ij

JijSi · Sj
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H = �
�

ij JijSi · Sj

• Interaction between pair of spins motivates the 
general form of the Heisenberg model:

• Direct exchange: important in many metals such 
as Fe, Co and Ni

• Indirect exchange: mediated through the 
conduction electrons (RKKY)

• Superexchange: exchange interaction mediated 
by oxygen.  This leads to a very long exchange 
path.  Important in many magnetic oxides, e.g. 
MnO, La2CuO4. 17
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Magnetism and metals

19

19

20

20



21

21

22

22



23
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M = (n+ � n�)µB
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1D electron gas unstable to SDW formation

28S. J. Blundell, Magnetism in Condensed Matter (OUP, 2001)
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Spin-density wave

29S. J. Blundell, Magnetism in Condensed Matter (OUP, 2001)
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TMTSF salts

Stacks of TMTSF molecules Þ 1D chains
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TMTSF salts

Very rich
phase diagram
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F (x) =
�x cos x + sinx

x4

⇥(r) =
1

(2�)3

�
d3q⇥qeiq·r =

2kF⇥p

�
F (2kFr)
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(e) Real space effects – RKKY coupling

named after Ruderman, Kittel, Kasuya and Yosida
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S. S. P. Parkin and D. Mauri, Phys. Rev. B 44, 7131 (1991) 33
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(a)

(b)

GMR = giant magnetoresistance
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(a)

(b)

GMR = giant magnetoresistance

35

35

36

36



1. Direct exchange

2. Indirect exchange

3. Superexchange

4. Types of magnetic order

5. Molecular field

Outline

37

37

H = �
�

ij JijSi · Sj

• Interaction between pair of spins motivates the 
general form of the Heisenberg model:

• Direct exchange: important in many metals such 
as Fe, Co and Ni

• Indirect exchange: mediated through the 
conduction electrons (RKKY)

• Superexchange: exchange interaction mediated 
by oxygen.  This leads to a very long exchange 
path.  Important in many magnetic oxides, e.g. 
MnO, La2CuO4. 38
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Superexchange
• Case I: AF ordering

• Case II: F ordering

• KE advantage for AF ordering
39
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✖
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Toy model for superexchange
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Toy model for superexchange

41

41

Toy model for superexchange

J � 2t2

U
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Toy model for superexchange

J � 2t2

U
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43

K. A. Müller J. G. Bednorz
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S. J. Blundell, Magnetism in Condensed Matter (OUP, 2001)
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S. J. Blundell, Magnetism in Condensed Matter (OUP, 2001)
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Magnetic neutron diffraction
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MnO

C.G. Shull et al. (1951)

see also

A.L. Goodwin et al.
PRL 96, 047209 (2006)
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Mean-field theory
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Mean-field theory and the Curie-Weiss law
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