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1. Elliott-Yafet Parameter & spin-relaxation
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Unquenching the orbital moment by spin-
orbit interaction

The spin-orbit interaction is in the wave function!

1st order perturbation theory:

Orbital moment:

MAE due to MCA:
(2nd order perturbation)

For d-states
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Concept of spin relaxation

Bloch equation:

For B=0:

"me T1

Injection of 
spin population

Equilibration of 
spin population
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Spin degeneracy in nonmagnetic solid 
without spin orbit interaction

degenerate
states
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Spin mixing by spin-orbit coupling (Elliott, 
1954)

Perturba(on theory:
E(k)

k

Δk

n
n’

|b2|: Ellio5-Yafet parameter

Usually:
degenerate
states

Rule of thumb:  
Δ small à |b2| large
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|b2|: Elliott-Yafet parameter

Usually:
degenerate
states

Importance for spin relaxation (Elliott 1954; 
Yafet 1963)

phonon 
or impurity

Scattering event

+ (impurity spin-orbit effects)

Spin-flip 
probability:

Spin-relaxation rate:

momentum 
scattering

spin
overlap
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|b2|: Elliott-Yafet parameter

Usually:
degenerate
states

different scale

0.001

0.004

0.021

0.094

Average: 
0.002

Average: 
0.022

fcc Cu
Fermi surface

fcc Au
Fermi surface

Example: 
Elliott-Yafet parameter in Cu, Au
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Momentum and spin relaxation time

1% Ga impurities in Cu

Swantje Heers, PhD Thesis, FZJ 2011 (see also D. Fedorov et al, PRB 2008)

Momentum relaxation time (fs) Spin relaxation time (fs)
Relative difference: Factor 1000
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Gedanken-experiment

time T1
A

Injection of spin population Equilibration

Case A

time T1
B

Injection of spin population

Case B

Should we expect that T1
A ≠ T1

B  ?

Yes, if the material structure is anisotropic:
Anisotropy of Elliott-Yafet parameter b2 ! 

Equilibration
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12
Anisotropy in hcp-Os

injected
electrons

+ 59%

giant
anisotropy

spin-flip hot area

0

0.5

b2k

spin hot-spots

Zimmermann et al., PRL (2012)

0.048 ⇡ 1

20

1

T1
⇠ hb2kiFS

=

0.077 ⇡ 1

13
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Motivation & Introduction 

Explanation of the effect 
Example: Osmium 
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k
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-0.5
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SOC

1

23

H

B || ab-plane

B || c-axis

Band structure with small B-field 

L · S = Lz Sz +
1

2
(L+ S� + L� S+)

spin-flip part 
independent of 
(same           ) 

ŝ
�SOC

spin-conserving 

1) decomposition of spin-orbit coupling 

1) depends on 

2) ONLY couples states with 

ŝ

�` = 0, |�m| = 1

 

3) particular orbital character 
    of states in hcp-structure 

d
xz

+ d
yz

(m = ±1)

=) |�m| = 2 =) protected against 
spin-flip 

z k [001] :

 z0 k [100] :
d
xz

! d
x

0
z

0 (m = ±1)
d
yz

! d
x

0
y

0 (m = ±2)

|�m| = 1=) =) spin-flip favored 

 

rotation of 
quantization axis 

2) proximity of bands at extended FS-sheets (‘H’, ‘B’) 

b2nk =
X

n0

|h 0
nk|⇠(L · S)"#| 0

n0ki|2

(Enk � En0k)
2 + . . .

(L · S)"#

La Lu Hf Re Os Tl
1.40 1.10 1.62 6.42 4.85 5.04
3.46 3.33 15.1 12.1 7.69 6.0

2.62 2.53 9.55 9.98 6.66 5.61
150 200 830 88 59 19

1

b2 (%)
ab plane 
c axis 

Polycryst. 
Anisotropy (%) 

Ta W Ir Pt Au Pb
1.746 6.49 5.50 5.27 3.248 6.616
1.750 6.26 5.54 5.26 3.252 6.609
1.748 6.14 5.55 5.25 3.252 6.608
1.748 6.27 5.53 5.25 3.251 6.611
0.2 5.7 0.9 0.4 0.1 0.1

1

b2 (%)
[111]!

[001] 

Polycryst. 
Anisotropy (%) 

[110]!

0.0767 

0.0485 

b2(ŝ) =

Z

FS
d2k b2k(ŝ)

ŝ on unit sphere 

 Spin relaxation: a process in which an excited electron spin returns to its equilibrium state. 

     2) Spin Hall effect (SHE)  

     Spin signal of Py/Cu/Py 

1) GMR effect (spintronics) 

Decrease of magnetization of hot electrons in GMR 
devices 

 Anisotropy: 

Should we expect that 
                           ? TA

1 = TB
1

Answer: Yes! 
Especially uniaxial materials. 

Relaxation mechanism 

 Elliott-Yafet mechanism: spin-flip probability while scattering off impurities/phonons 

Bloch wave-functions are spin-mixed (due to spin-orbit coupling): 

•  dominant mechanism in non-magnetic 
metals with space-inversion symmetry 

•  time-reversal + space-inversion symmetry: 
each state is twofold degenerate 

k-resolved spin-mixing parameter: 

 �
kŝ(r) =

�
a⇤�kŝ(r)|#iŝ + b⇤�kŝ(r)|"iŝ

�
⇥ eik·r

 +
kŝ(r) = (akŝ(r) |"iŝ + bkŝ(r) |#iŝ)⇥ eik·r

hSŝik = h +
kŝ|Sŝ| +

kŝi = �h �
kŝ|Sŝ| �

kŝi
Spin expectation value 

k

k0

phonon / impurity 

•  spin-flip events due to overlap  
•  in the Elliott-approximation: 

•      property of pristine crystal 

TB
1

Injected spin population Equilibrium state 

TA
1Case A: 

Case B: 

ŝ k z

ŝ k x T1(ŝ) ⇠ ⌧/b2(ŝ)

Elliott-Yafet (spin-mixing) parameter: b2(ŝ) =
1

n(EF )

1

~VBZ

Z

FS

b2k(ŝ)

|v(k)| d
2k

b2k(ŝ) =

Z
d3r |bkŝ(r)|2

Proposal for experimental verification 
Prerequisites: 1.  mono-crystalline samples or 

      samples with preferential crystalline orientation 
2.  rotating magnetic fields (CESR) or 
      rotating magnetization direction in FM leads (spin-injection) 
3.  suggested: temperature dependence (phonon-dominated) 

Electron (charge) current Decaying spin current s(x)

 Ferromagnetic
injector or

x=0 x>0

V

Example: 

ŝ1
ŝ2

x

hcp crystals cubic crystals Calculations: spin-mixing parameter 

References 
[1] B.Zimmermann et al., Phys. Rev. Lett. in press, preprint: arXiv:1210.1801 
[2] I. Zutic et al., Rev. Mod. Phys. 76, 323 (2004) 
[3] M. Gradhand et al., Phys. Rev. B 80,224413 (2009) 
[4] R. J. Elliott, Phys. Rev. 96, 266 (1954); Y. Yafet, in Solid State Physics (1963) 

3) Peltier effect (thermoelectric cooling power) 
spin-entropy expansion yields additional cooling power 

Os ŝ on unit sphere 
W 

0.0649 

0.0614 

h +
kŝ|Vimp| �

k0ŝi

b2

�V

�V = V " � V #

⇠ e�x/(vF T1)

We acknowledge funding by HGF (VH-NG-513) and DFG (MO 1731/3-1). 
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Motivation & Introduction 

Explanation of the effect 
Example: Osmium 

! A
k

-1.5

-1

-0.5

0

E
 -

 E
F
 (

eV
)

"
SOC

1

23

H

B || ab-plane

B || c-axis
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independent of 
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ŝ
�SOC

spin-conserving 

1) decomposition of spin-orbit coupling 

1) depends on 

2) ONLY couples states with 
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rotation of 
quantization axis 

2) proximity of bands at extended FS-sheets (‘H’, ‘B’) 

b2nk =
X

n0

|h 0
nk|⇠(L · S)"#| 0

n0ki|2

(Enk � En0k)
2 + . . .

(L · S)"#

La Lu Hf Re Os Tl
1.40 1.10 1.62 6.42 4.85 5.04
3.46 3.33 15.1 12.1 7.69 6.0

2.62 2.53 9.55 9.98 6.66 5.61
150 200 830 88 59 19

1

b2 (%)
ab plane 
c axis 

Polycryst. 
Anisotropy (%) 

Ta W Ir Pt Au Pb
1.746 6.49 5.50 5.27 3.248 6.616
1.750 6.26 5.54 5.26 3.252 6.609
1.748 6.14 5.55 5.25 3.252 6.608
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Polycryst. 
Anisotropy (%) 
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b2(ŝ) =

Z

FS
d2k b2k(ŝ)

ŝ on unit sphere 

 Spin relaxation: a process in which an excited electron spin returns to its equilibrium state. 

     2) Spin Hall effect (SHE)  

     Spin signal of Py/Cu/Py 

1) GMR effect (spintronics) 

Decrease of magnetization of hot electrons in GMR 
devices 

 Anisotropy: 

Should we expect that 
                           ? TA

1 = TB
1

Answer: Yes! 
Especially uniaxial materials. 

Relaxation mechanism 

 Elliott-Yafet mechanism: spin-flip probability while scattering off impurities/phonons 

Bloch wave-functions are spin-mixed (due to spin-orbit coupling): 

•  dominant mechanism in non-magnetic 
metals with space-inversion symmetry 

•  time-reversal + space-inversion symmetry: 
each state is twofold degenerate 

k-resolved spin-mixing parameter: 

 �
kŝ(r) =

�
a⇤�kŝ(r)|#iŝ + b⇤�kŝ(r)|"iŝ

�
⇥ eik·r

 +
kŝ(r) = (akŝ(r) |"iŝ + bkŝ(r) |#iŝ)⇥ eik·r

hSŝik = h +
kŝ|Sŝ| +

kŝi = �h �
kŝ|Sŝ| �

kŝi
Spin expectation value 

k

k0

phonon / impurity 

•  spin-flip events due to overlap  
•  in the Elliott-approximation: 

•      property of pristine crystal 

TB
1

Injected spin population Equilibrium state 

TA
1Case A: 

Case B: 

ŝ k z

ŝ k x T1(ŝ) ⇠ ⌧/b2(ŝ)

Elliott-Yafet (spin-mixing) parameter: b2(ŝ) =
1

n(EF )

1

~VBZ

Z

FS

b2k(ŝ)

|v(k)| d
2k

b2k(ŝ) =

Z
d3r |bkŝ(r)|2

Proposal for experimental verification 
Prerequisites: 1.  mono-crystalline samples or 

      samples with preferential crystalline orientation 
2.  rotating magnetic fields (CESR) or 
      rotating magnetization direction in FM leads (spin-injection) 
3.  suggested: temperature dependence (phonon-dominated) 

Electron (charge) current Decaying spin current s(x)

 Ferromagnetic
injector or

x=0 x>0

V

Example: 

ŝ1
ŝ2

x

hcp crystals cubic crystals Calculations: spin-mixing parameter 

References 
[1] B.Zimmermann et al., Phys. Rev. Lett. in press, preprint: arXiv:1210.1801 
[2] I. Zutic et al., Rev. Mod. Phys. 76, 323 (2004) 
[3] M. Gradhand et al., Phys. Rev. B 80,224413 (2009) 
[4] R. J. Elliott, Phys. Rev. 96, 266 (1954); Y. Yafet, in Solid State Physics (1963) 

3) Peltier effect (thermoelectric cooling power) 
spin-entropy expansion yields additional cooling power 

Os ŝ on unit sphere 
W 

0.0649 

0.0614 

h +
kŝ|Vimp| �

k0ŝi

b2

�V

�V = V " � V #

⇠ e�x/(vF T1)

We acknowledge funding by HGF (VH-NG-513) and DFG (MO 1731/3-1). 
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ŝ
k
[001]

ŝ
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Motivation & Introduction 

Explanation of the effect 
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quantization axis 

2) proximity of bands at extended FS-sheets (‘H’, ‘B’) 
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d2k b2k(ŝ)

ŝ on unit sphere 

 Spin relaxation: a process in which an excited electron spin returns to its equilibrium state. 

     2) Spin Hall effect (SHE)  

     Spin signal of Py/Cu/Py 

1) GMR effect (spintronics) 

Decrease of magnetization of hot electrons in GMR 
devices 

 Anisotropy: 

Should we expect that 
                           ? TA

1 = TB
1

Answer: Yes! 
Especially uniaxial materials. 

Relaxation mechanism 

 Elliott-Yafet mechanism: spin-flip probability while scattering off impurities/phonons 

Bloch wave-functions are spin-mixed (due to spin-orbit coupling): 

•  dominant mechanism in non-magnetic 
metals with space-inversion symmetry 

•  time-reversal + space-inversion symmetry: 
each state is twofold degenerate 

k-resolved spin-mixing parameter: 

 �
kŝ(r) =
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a⇤�kŝ(r)|#iŝ + b⇤�kŝ(r)|"iŝ
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⇥ eik·r

 +
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hSŝik = h +
kŝ|Sŝ| +
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Spin expectation value 

k

k0

phonon / impurity 

•  spin-flip events due to overlap  
•  in the Elliott-approximation: 

•      property of pristine crystal 

TB
1

Injected spin population Equilibrium state 

TA
1Case A: 

Case B: 

ŝ k z

ŝ k x T1(ŝ) ⇠ ⌧/b2(ŝ)

Elliott-Yafet (spin-mixing) parameter: b2(ŝ) =
1

n(EF )

1

~VBZ

Z

FS

b2k(ŝ)

|v(k)| d
2k

b2k(ŝ) =

Z
d3r |bkŝ(r)|2

Proposal for experimental verification 
Prerequisites: 1.  mono-crystalline samples or 

      samples with preferential crystalline orientation 
2.  rotating magnetic fields (CESR) or 
      rotating magnetization direction in FM leads (spin-injection) 
3.  suggested: temperature dependence (phonon-dominated) 

Electron (charge) current Decaying spin current s(x)

 Ferromagnetic
injector or

x=0 x>0

V

Example: 

ŝ1
ŝ2

x

hcp crystals cubic crystals Calculations: spin-mixing parameter 
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3) Peltier effect (thermoelectric cooling power) 
spin-entropy expansion yields additional cooling power 

Os ŝ on unit sphere 
W 

0.0649 

0.0614 

h +
kŝ|Vimp| �

k0ŝi

b2

�V

�V = V " � V #

⇠ e�x/(vF T1)
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Spin-Orbit Coupling:
Space Inversion Symmetry

Elemental solids (Cu, Si, Al….)
For a given band ν the following two states have the same energy

Proof: 

q.e.d.

time reversal

space inversion 
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What happens when 
space inversion symmetry broken

(GaAs, InSb, interfaces, surfaces, ...)

Time reversal + space inversion symmetry:

Time reversal only !

,

Effective spin-orbit (“magnetic”) field Ω:

Time reversal symmetry:
I. Zˇuti ́c, J. Fabian, and S. Das Sarma, 
Rev. Mod. Phys. 76, 323 (2004).




