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» Introductory remarks
» Quantum mechanical description of solid
» Adiabatic approximation
» Born-Oppenheimer approximation
» Adiabatic spin wave theory

>
>
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Solid State Physics #) )0LICH
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JFrom FROM INRINITY TO INFINITY

the infinitely small via Cosmos Micro-
the infinitely complex P cosmos

13

Huge complexity

« Large configuration space
» Large Hilbert space

* Hierarchy of interactions

It is the electron !
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Quantum Mechanics #)jiLic

FORSCHUNGSZENTRUM

» In Solid State Physics we have only
Electrons & Nuclei

» All described by wavefunction based theory

h2 ‘
[ SO+ V(x)| V(x) = EV(x)

E. Schrodinger (1926), Annalen der Physik, 361-377
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Entire space of properties !) JULICH
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It is all in the

N electron wave-function: ¥(rs,...rn)

.
\[—%A + V(x)] W(x) = EW(x)

* Dzyaloshinskii Moriya interaction
* collective phenomena  « multiferroicity

* structural stability » van der Waals
* phase diagrams « orbital ordering
* magnetism & magnetic order « workfunction
* Elliot Yafet damping - chemical reactivity
* superconductivty & BEC « electrical polarization
* Kondo physics - ferroelectricity

* heavy fermion systems

e Mott transition
« topological insulator

quantum Hall effect

* Dresselhaus effect _
* giant & colossal magneto resistance

« chemical reactivity
* ionization energies
» compressibilities

» elastic modules
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Solid — Property Relation #) )0LICH
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* Dzyaloshinskii Moriya interaction
« vibrational properties » multiferroicity

* structural stability  van der Waals
 phase diagrams « orbital ordering
* magnetism & magnetic order « workfunction
* Elliot Yafet « chemical reactivity
* superconductivty - electrical polarization
* Kondo physics - ferroelectricity
* heavy fermion systems » chemical reactivity

¢ Mott transition
* topological insulator
quantum Hall effect

* Dresselhaus effect _
* giant & colossal magneto resistance

* jonization energies
» compressibilities
* elastic modules
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Inverse relation: Property - Materials #))0LICH
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Structure of Fe/Cr/MgO/Fe MTJ

Cross-sectional
view

e

Ru 20 nM

o Ru
Irin 10N
Fe(001) 10T
Cr(001)

Fe(001) 100 nm

* Dzyaloshinskii Moriya interaction

» vibrational properties » multiferroicity

* structural stability * van der Waals

* phase diagramg « orbital ordering

* magnetism & magné

* Elliot Yafet

* superconductivty

« Kondo physics

* heavy fermion systems

¢ Mott transition

* topological insulator o

quantum Hall effect (?mpre33|b|I|t|es
* elastic modules

* Dresselhaus effect

* giant & colossal magneto resistanc

» workfunction
* chemical reactivity
* electrical polarization

MgO(001) 20 nm

MgO(001) substrate

emical reactivity
ization energies

< 20 mm%
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The Quantum Many-Body Problem #) )0LICH
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HY =EY, Y(x,X,, "X )

Example: Expressing the wavefunction:

1) Hydrogen H : n=1,exact or num.:10° grid points =—>16 KB
2) Helium He: n=2, exact or num. : 10° grid points =16 MB <1 DVD

3) Lithium Li: n=3, num. : 10°grid points =>16 GB ~2 DVD
6) Carbon C: n=6, num. : 10'°grid points =—>~ 32.000T DVD

.« . 800 Trucks
27) Iron Fe: n=20, Galaxy:
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| Models, Approximations, Physics #) )0LICH
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The underlying laws necessary for the
mathematical theory of a large part of
physics and the whole of chemistry are thus
completely known, and the difficulty is only
that exact applications of these laws lead to
equations which are too complicated to be
soluble. It therefore becomes desirable that
approximate practical methods of applying
guantum mechanics should be developed,
which can lead to an explanation of the

Scanned at the American

institute of Physics main features of complex atomic systems
PM.A. Dirac without too much computation.

P.M.A. Dirac, Proceedings of the Royal Society A
123, 714(1929)
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Describing Crystalline Solid qualitatively O JULICH
by Models

» Hubbard Model for correlated electrons

= —-th chJrUZn,TnJl

» Effective Spin Models

ZJZJS S, +ZDU (S:xS)) +ZK (52)? 0‘
exchange Dzyaloshlnsku-Morlya magnetic 0‘

interaction interaction anisotropy

— ZB&J S S Z Kwkz S S, )(Sks ) (S]Sk)(slsz) - (SZS/C)(SJSZ)]

igkl

biquadratic

interaction 4-spin interaction
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Describing Crystalline Solid quantitatively O JULICH
by excellent approximations

» Born-Oppenheimer Approximation

» Hartree-Fock Approximation

» Approximation to Exchange-Correlation Energy in Density
Functional Theory (DFT)

» Linear spin-wave theory
» Mean-Field Theory for Curie-Temperatures
» Boltzmann Equation for diffusive transport

» Linear-Response Theories for Transport Properties
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Quantum mechanical description of solids #) JULICH
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0.0.0°0°Q
qoooo

00000
0.0

Electron coordinates:
I' = {I‘l7 2,19, }

lon coordinates:

= {Rl, Rz, R3, }

In principle, all the properties of crystalline solids are
determined by the many-body Hamiltonian of the electrons
and nuclel, which, in the non- relativistic limit, reads :

2 Znzn 2
_ : 2M” Z%A‘Fzz‘ Qz‘ﬁn_énW_Z‘én—m

In atomic units
= Distances: Bohr radius a, = h%/(me?) = 0.529 1078 cm
. Energg(}/8 Hartree energy = me#/h? =2 Ry =27.2 eV
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Quantum mechanical description of solids #) JULICH
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L 4 Hamiltonian between electrons and nuclei:

: 1 Zn 71 77
: T E:A E: E: —§:~ |
» 2 2. +2 |r T 242 (B Rl S (BT

Smallness parameter - cries for perturb. theory

= two sets of parameters cannot be eliminated by a scale
transformation:

(1) The atomic number 2"

(2) The mass-ratio m/M" between 1/2000 and 1/500000
(3) The smallness of m/M" has important consequences
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Quantum mechanical description of solids #) JULICH
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¥ Hamiltonian between electrons and nuclei:

: 1 znz" Z"
H=—§ WAn__ZA-l_ZZH ZZ’RH R”’ _Z’,Eg’n_f’i"

n=n’ n,i

H=T"+H({R"})

€ can be divided into perturbation-free adiabatic Hamiltonian

1 1 1 1 zZnzn
=_§ZAI+§§|E—E‘+§Z|/§H_§H’ —Z

n=n’ - I’,
€ and into the kinetic energy of nuclei
: Oth order approximation: "= 0
n m n = .
I =— ) WA (1) R" are constant of motion of H,
7 (2)|R" — R"|solids have spatial structure

Lecture M-, | ESN2018, Krakow, sept 182018 prot1 (9)  SEFUCEUre of solid can be determined



Determining structure (in zeroth order m/M) #) jULICH
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(1) Determine ground state energy of H, for given nuclei position,
e.g. Rayleigh-Ritz variation. Difficult problem, requires
ground state wave function of inhomogeneous electron
system (later in the lecture)

2o (Y[He({R") )
S = M )
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Total energy of Equilibrium Structure: Silicon!) JULICH
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-7.80 !

Si

-7.82

!
2

JIE LA (LI RN RO |

Energy (Ry/atom)
|

—7.88

r’d

HEXAGONAL

=700 DIAMOND

1 DIAMOND

EDN s B I R Y (L
S

~7.92 1 ] L 1
0.6 0.7 0.8 0.9 1.0 1.1

Volume

» ground state structure, equilibrium volume, bulk modulus

» derived: phonon spectra, expansion coefficients, etc.
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Born-Oppenheimer Approximation O JULICH
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¢ Total wave function is expanded for each set of {R"} into
complete set of wave functions v, ({r})

Vit({71, {R™) = Y xa({R™Dva({FH{R™})

€ which are solutions of the electronic Schrédinger equation

He({R")a({F}{R™) = EL({R" v ({T}{R"})

€ where the expansion coefficients depend on the nuclear
coordinates and are solutions of the effective nuclear
Schrodinger Eq.

7 * Xa({R™) = €A DX ({R"))

L> Born-Oppenheimer Surface

Lecture MM-1, | ESM-2018, Krakow, Sept 18 2018 Prof. Dr. Stefan Blugel. | http://www.fz-juelich.de/pgi/Bluegel_S Folie 18



Born-Oppenheimer Approximation !) JULICH
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¢ Total wave function is expanded for each set of {R"} into
complete set of wave functions v, ({r})

Vit({71, {R™) = Y xa({R™Dva({FH{R™})

€ which are solutions of the electronic Schrédinger equation

He({R")a({F}{R™) = EL({R" v ({T}{R"})

€ where the expansion coefficients depend on the nuclear
coordinates and are solutions of the effective nuclear
Schrodinger Eq.

T+ EL({(A™)] xal{B") = cal{R™)xa({R™))

To derive this effective nuclear dynamics invoke
BcS)rQ-OerQvenheimer @QB_roximation

Lecture MM-1, | ESM-2018, , Sept 18 2018 Stefan Blugel. | http://www.fz-juelich.de/pgi/Bluegel_S Folie 19



Born-Oppenheimer Approximation !) JULICH
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¢ Inserting expression of total wave function w,,;({7}, {R"})
Vit({7}, (A" = 3 xa({R"ea({FH{R™})

€ into the full Schrodinger equation

T"+ Ho| Wior = € Wiy
Invoke the adiabatic approximation: o =0

Wiet({F}, {R™) = Xaz0({R"NYaco({FH{R™}) = xo({R"Nvas({F}{R"})

¢ multiplying from the left by Y¥as, neglecting terms which couple
different states a , one obtains the effective nuclear Eq.

T+ EL((A™)] xal{R™) = cal{R™)xa({R™))

Lecture MM-1, | ESM-2018, Krakow, Sept 18 2018 Prof. Dr. Stefan Blugel. | http://www.fz-juelich.de/pgi/Bluegel_S Folie 20



Born-Oppenheimer Approximation !) JULICH
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€ The neglected terms
(1) oy 3 A (volA™) [ Bl vol (A

1 m

(2) x5 i Ve XUR™ i (Lol{R™}) |V an| wo({A™) )

Berry Connection
€ Berry connection and Berry Phase

The Hamiltonian He({l?z’”})depends on a (set of) vector parameters {R"}.
Imagine they vary with time ¢ . If the a'" eigenvalue E, remains non-
degenerate everywhere along the path and the variation with time t is
sufficiently slow, then a system initially in theﬁeigenstate va({R"(0)}) will
remain in an instantaneous eigenstate ¥, ({R"(f)})of the Hamiltonian, up to
a phase In the case of a cyclic evolution around a closed path C such that
{R” )} = {R” )} the closed-path Berry phase (= geometrical phase) is

Yo = i %dﬁ? (¥alR) V5| valR) with A={R"}
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Life beyond Born-Oppenheimer Approx !) JULICH
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@ Electron - Phonon Interaction (superconductivity)

€ Magnon - Phonon Interaction (Magnon - life time)

@ Orbital moment — Phonon (transfer angular momentum to latti
@ Spin-flip scattering (Spin-life time)

Lecture MM-1, | ESM-2018, Krakow, Sept 18 2018 Prof. Dr. Stefan Blugel. | http://www.fz-juelich.de/pgi/Bluegel_S Folie 23
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Side remark adiabaticity
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Magnetic excitations #) )0LICH
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* Thermodynamic Properties
» Magnetic fluctuations
» Spindynamics and Lifetime

Single particle
spin-flip (Stoner) Excitation

2 kinds of elementary magnetic excitations
(S, £1):

Agq

Both can be understood as quasi-particles of
momentum ¢ and dispersion relation W

¥ =

Collective spin-wave (magnon) excitations
I L/2 (

Lecture MM-1, | ESM-2018, Krakow, Sept 18 2018
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Adiabatic Approximation #) )0LICH
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Determination of magnon dispersion by DFT

» Magnon timescale << electron hopping timescale
~10"2 sec ~10715 sec (M(t))~ (M)(t)

» Excited state of real system <—-> Ground state of constrained

system Berry phase: Q. Niu, Xindong Wang, L. Kleinman, Wu-Ming Liu,
D. M. C. Nicholson, and G. M. Stocks, PRL 83, 207 (1999)

= Spin-spirals representing magnons
(excited eigenstates in periodic crystal)
M(R") = M, [sinfcos(q - R™) é, +sinfsin(q - R™) é, + cos b é,]

e e F A

AE(q,0)
—0 AM(q, 0)

=) AF(q,0) =p wad(é) = 2guB 11

Lecture Folie 27



Adiabatic Approximation:
Ni, q ] [111]

Spin stiffness D:
w(q) = Dg*

Drheo = 712 [meV /A?]

Dgyp =~ 550 [meV /A?]

for small ¢

SRR A

Theo: Marjana Lezaic, unpublished
Exp: Mook and Paul, PRL 54, 227 (1985)

#) )0LICH
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Ni fee (111)

I

o Experiment

«—¢ Frozen Magnon

q
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Electrons and Electronic Structure

Lecture MM-1, | ESM-2018, Krakow, Sept 18 2018 Prof. Dr. Stefan Blugel. | http://www.fz-juelich.de/pgi/Bluegel_S Folie 29



The Many Body Problem #) )0LICH
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® Hamiltonian of N electrons in external potential
(lon-cores) Ve, (7)

al h? | o e?
H = __VZ ‘/ex _:L =
> (¥t ) 5
1=1 1#]
N N /
1 1 ZnZ" e?
= D W) g Y v g )
1=1 2 i#£] n=n’ |Rn Rn|
pe h > g Neglected!

for the time being

® single particle contribution Hy and two-body interaction U
® must be approximated for large N

Lecture MM-1, | ESM-2018, Krakow, Sept 18 2018 Prof. Dr. Stefan Blugel. | http://www.fz-juelich.de/pgi/Bluegel_S Folie 30



Independent particles in periodic potential !) JULICH
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neglect the electron-electron interaction

H = Hy+KX

Zh(m

solution of SchrAqdinger equation
HY = HyV = EV

can be written as a product of solutions of the single particle
equation

W(r)p(T) = ep(r)
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Independent particles in periodic potential !) JULICH

FORSCHUNGSZENTRUM

simplest:
HoU(7,..7N) = Zh(r){w 1) (7). by (Fv) }
= E{1(M)p2(r2).... N (TN) }
with

electrons are Fermions: no two ¢; the same
but: total wavefunction must be antisymmetric!

we discuss
later

Lecture MM-1, | ESM-2018, Krakow, Sept 18 2018 Prof. Dr. Stefan Blugel. | http://www.fz-juelich.de/pgi/Bluegel_S Folie 32



Outline OJUL'CH
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» Independent electrons
» lattice periodicity: real and reciprocal lattice
» Bloch functions and band structure
» symmetry in periodic crystals

Lecture MM-1, | ESM-2018, Krakow, Sept 18 2018 Prof. Dr. Stefan Blugel. | http://www.fz-juelich.de/pgi/Bluegel_S Folie 33



Bravais Lattice [= Crystal Lattice] #) )0LICH
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4 Intuitively, a Bravais lattice can also be defined as an infinite
array of discrete points, such as at each point the lattice looks
3 exactly the same (i.e. same arrangement and orientation).

A 3-dimensional (3D) Bravais lattice is defined by the set of
vectors

R" = nya; + n-as + n3as, Nny,No,Ny €27
e
a,, a,, a, : primitive lattice vectors. o
]
)

Lecture MM-1, | ESM-2018, Krakow, Sept 18 2018 Prof. Dr. Stefan Bllgel. | http://www.fz-juchh.de/ngD/BIuege _S Folie 34



Crystal Structure J, JULICH

RRRRRRRRRRRRRRRR

» Crystal structure can be obtained by attaching atoms,
groups of atoms or molecules which are called basis
(motif) to the lattice sites of the lattice point.

» Crystal Structure = Crystal Lattice + Basis

5-5+-m

-  + §= i

L ] L ]
Lecture MM-1, | ESM-2018, Krakow, Sept 18 201
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Example B20 crystal: FeGe #) )0LICH
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Cubic, no inversion symmetry, chiral
Unit cell 4 Fe and 4 Ge atoms
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Lattice periodicity #) )0LICH
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Translation operator 7 :

T(TLlTLQng)??: T+ 7116_7;1 + 7126_7:2 + ngag

ailr QG122 ais nq
=7r—+ a21 Q22 423 T2
aszi aszz ass ns

Lattice vector [75 :

Potential: T;V () =V (©+ Rz) =V (7)

Hamiltonian: H = —%VQ 4+ V(rf’) N [7-[,7'] —

Lecture MM-1, | ESM-2018, Krakow, Sept 18 2018 Prof. Dr. Stefan Blugel. | http://www.fz-juelich.de/pgi/Bluegel_S Folie 37



Translation operator - eigenvalues J, JULICH

RRRRRRRRRRRRRRRRRRRR

Hamiltonian and translation operator commute:

TaHo(r) = HTz¢(r) = €Tzd(T)

Eigenvalues of 77 : Tao(7) = Ao (T)

> Density n(7) = ¢™ (7¥)p(7) is lattice periodic:
Tad™ (PO = Nodad™ (S = Aal*n() = n(#) e
7 ) = A r

Lecture MM-1, | ESM-2018, Krakow, Sept 18 2018 Prof. Dr. Stefan Blugel. | http://www.fz-juelich.de/pgi/Bluegel_S Folie 38



Bloch functions #) )0LICH
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k=0
Translation acting on ¢ (7) g
T
B LB . o k = 1/8 (2n/a)
Tagp(r) =™ op(F) sl
5
5 _
E
o
— % ] - -
lattice periodic part uE(T): = k=1/4 2n/a)
| | | | | | | | |
ng(T) — a(r)u,;(’r) S Y Maticeste.
Taa(P)up(7) = a(F + Ri)uz(7) = e Faa(7) up (7)
Bloch function: a(7) = e*"
f(k " /
Gauge freedom: ®(F) — € ( )¢E(F) with feR
Lecture MM-1, | ESM-2018, Krakow, Sept 18 2018 Prof. Dr. Stefan Blugel. | http://www.fz-juelich.de/pgi/Bluegel_S Folie 39
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The k-vector #) )0LICH
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Wave functions can be labeled by k

4 Comparison with atom:

atom periodic solid

Symmetry rotation group translation group
Conserved quantity angular momentum  crystal momentum

determines:

Quantum number (I, m) Ie
Wave function Yy, () p k7
free:

Quantum number n U
Wave function Uy (1) ug , (1)

Lecture MM-1, | ESM-2018, Krakow, Sept 18 2018 Prof. Dr. Stefan Blugel. | http://www.fz-juelich.de/pgi/Bluegel_S Folie 40



Reciprocal lattice #) )0LICH
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Lattice periodic function uz(7) = (7 + R7)

Fourier transform:

up(M =Y w(E)em™ ; K.-R;=K-Ai=2xN (N €Z)
K

reciprocal lattice vector:

[?m = mbB, so that BA=2nl (m; € Z)

Lecture MM-1, | ESM-2018, Krakow, Sept 18 2018 Prof. Dr. Stefan Blugel. | http://www.fz-juelich.de/pgi/Bluegel_S Folie 41



Brillouin zones #) )0LICH
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Reciprocal lattice vectors [{ - : ol (k+Km) _ iRk

Restrict k to first Brillouin zone and label additionally by band index.
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Band structure #) )0LICH
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= Matrix element of two Bloch functions (_), ’) with H and translate:

k 0 otherwise
N
. : : : : ] n n
= Expansion of Bloch function in basis functions: ¢; ,, = Z Ce ¥
m " N " " n
= Schrodinger equation =» matrix equation:
nn" .n" _ nn’ .n’ : nn _ / ny.n
i G, = %.Sp G, With S = {epleg)

P
<
-~

VIl
." i ke ke K

Lecture MM-1, | ESM-2018, Krakow, Sept 18 2018 Prof. Dr. Stefan Bliigel. | http://www.fz-juelich.de/pgi/Bluegel_S Folie 43
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Eigenvalue problem in plane wave basis 4 JULICH
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€ Plane wave representation of wave function

T S P

h/
with )
- Gh/ —
uz (F)=> ¢z (k)"
R

@ Schrodinger Eq in 3D:

(— 228 + VD)) v, 1) = g v, ()

€ Schrodinger Eq in Matrix representation

KoL Lz . 3 .
Z( (K + G"? — (k)) S + Vi | (k) =0

— \ 2m
| N
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Eigenvalue problem in plane wave basis 4 JULICH
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@ Schrodinger Eq in 3D:

h2
(8 + VD)) 02, = g, 05,7
€ Schrodinger Eq in Matrix representation
[ R B} N
5 (5K + G2 Eu)) b + Vs | c3(F) = 0
i _
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Free electron gas [= Jellum model] #) )0LICH
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1
9 Const. potential: H = —§V2 + W T L

¢ Eigenvalue problem for V}, ,» = 0, for all h

o oz -~ I 7
det <%(k + Gh)2 — Ey(k)> (Sh,h/ =0 g _ |
LU
o P 2
— e, (K) = 5—(k+G") L _
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Electrons in weak potential #) )0LICH
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® @ k-point 2 states v < h=0 Ah
# There exists an energy E,, (k) for which

S e 2= L7 2o
") _ C—’ Ikr+Cl—,”(k)el(k+G )r_|_ g CT eI(k+ )r

€ Degenerate perturbation theory

2 ., 3 3
(2 K E+Vo>Co+V_*C,—,;=O

~ hz — -7 ~

Voco + (%(m G"2 - E+ v0> c; =0
R - . Re - - -
2mk2 E + VO) (2 (K + Gh) E + Vo> V|2, since V_ = Vg if V(7) real
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Nearly free electron gas #) )0LICH

FORSCHUNGSZENTRUM

T

025tatesy<:>ﬁ=0 /\E 2
€ Eigenvalue spectrum

= 5 _|_€ 1 5 1.5
_ k+ KD 0 0 2
€ p = i\/—(sq—sq ~>+\szh\ I

9 4 \"k Tk+Kh
1
¢ Special case Brillouin zone boundary:
k2 = (k + Gh)
0.5
Energy degeneracy is lifted )
72 3
= EL.=Vo+-— k4|1 .
=~ %" om Vs ,
R |- ,
€ Special case away from BZb: 5 k? — (k + G")?

back to nondegenerate results
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Tight-binding representation #) )0LICH

FORSCHUNGSZENTRUM

Op(r) = —= Zei’;ﬁnx(F— én) ; 6(12) = «a + 2[5 cos(ka)

k=0 k=0.5 (2m/a)

olocjosie « olosjesie

o000 ®e | GO0 0e

4
/
4
4
/7
/7
4
N

k (2ma)

Lecture MM-1, | ESM-2018, Krakow, Sept 18 2018 Prof. Dr. Stefan Blugel. | http://www.fz-juelich.de/pgi/Bluegel_S Folie 50



Symmetry and band structures !) JULICH

FORSCHUNGSZENTRUM

Consider symmetries other than translations, e.g. inversion.
Action of inversion operator 7 on Bloch function:

TaZop(7) = Ta(e F up(—7)) = e  Be Ty (=) = e F BT (7)

gives Bloch function with wave-vector —k.

—

THep(7) = HLopz(7) = Zeppz(7)  and, therefore, Ho_7(7) = epd_;(7)

Blochfunctions with k and —k have same eigenvalues but different

eigenvectors!
(Similar for other symmetry elements compatible with crystal

lattice.)
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Example: point group 4mm !) JULICH

FORSCHUNGSZENTRUM

Square lattice with mg € M
full symmetry: .. s /M
\ L3

_— - X
special high symmetry ol M
lines in Brillouin zone: o o ' . .
A : mxlg —k ; = M
DI de — k (symmetry group m {€, mg,})

wave functions on X can be classified w.r.t. their transformation
properties under {€, m,}: 2,2,

States of different symmetry are allowed to cross in the band structure
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Non-symmorphic symmetries #) )0LICH

FORSCHUNGSZENTRUM

Combination of rotation/mirror operation (R) with fractional
translation (7): (R| ) "= Rr + T

wno=(3 4)18) @ (28] 1)

Induce additional degeneracies at Brillouin zone boundaries:

° . 0Z 8“\
o = a ® ¢ F’_.X X
b
e

_______ N )
g ‘IQ;/ () @ o
| r X
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“new Fermions” in non-symmorphic crystals !) JULICH

Four-fold degeneracy at H-point in La,Bis:

-

see e.g. B. Bradlyn, et al., Science 353 (6299), aaf5037 (2016)

Lecture MM-1, | ESM-2018, Krakow, Sept 18 2018
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Outline OJUL'CH

FORSCHUNGSZENTRUM

» Interacting electrons
» Hartree- and Hartree-Fock approximation
» density functional theory
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The Many Body Problem #) )0LICH

FORSCHUNGSZENTRUM

® Hamiltonian of N electrons in external potential
(ion-cores) Ve, (1)

al h? 1 il e?
H = ——V? Vext (T = = S
Z( 2m et(r>>+22|m—7“j
1=1 1#]
N 1 N
= YY)
=1 N 177 P
Ho U
= Hy+U

® single particle contribution Hy and two-body interaction U
® must be approximated for large N
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Hartree-Approximation !) JULICH

FORSCHUNGSZENTRUM

simplest:

HoU(Fy,..7y) = Zh(?){wl( )2 (7)o tbn (Fi) )

||
Ry
—~—
=
—
VS
=1
—
N——"
=
(\V)]
~—
Rl
DN
N——"
=
=
VS
=1
=
N—"
—~—

with
E = Z €;
i=1

electrons are Fermions: no two ¢; the same
but: total wavefunction must be antisymmetric!
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Slater Determinant #) )0LICH

FORSCHUNGSZENTRUM

simple notation for a totally antisymmetric wavefunction:

() ... (TN)

YN () oo Yn(TN)
D (=D)FP (7). N (7N))

P

E

Example: N = 2 permutation acts on index of ¢!

IZ VP2 Pyt (7 ¥a(2) = < (0 (i) ala) = s (7))

Slater determinant is the solution of the free electron problem
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Hartree— Fock Approximation !) JULICH

FORSCHUNGSZENTRUM

» Best ground state energy for interacting electron problem with
Ansatz of single Slater determinant single particle states

PV1(X1) o P1(Xn)

wSlater (X1 - XN)

VNI

N &X1) %DN(.XN)
= \/—Z 1)7P (1(X1) ... (X)) -

» Best possible ortho single particle state to obtain ground state

E = m\Jn <\USIater(x1 XN) ’H‘ wSlater(x1 XN)>

I
=
>
<
2
=
@
—
>

XN)HwSlater(x1 XN) dV-| dVN
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Matrix Elements #) )0LICH

FORSCHUNGSZENTRUM

AF = m\Jn Wslater (X1 ... XN) H, + U Usiater (X1 .. Xn)

single particle two particle

» Single-particle matrix elements

<w w> = N'ZZ N|NPTZh FYP' 1), ... IN)

P P
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Matrix Elements #) )0LICH

FORSCHUNGSZENTRUM

: = N { Wapater (X1 ... X H, Vapator(Xq ... X
E m\l}n< Slater (X1 .. XN) 0 + U Slater (X1 N)>

single particle two particle

» Single-particle matrix elements
<w r; w> = N'ZZ N|NPTZh P 1), ... IN)y

P P
»  Det[N x N]
> P =P

N x Det[(N —1) x (N —1)]

w,-1...,-,,> ZZ Ui | A i)
—ZZ/de, r, o) h(P)i(F, o)
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Hartree Fock — Two Particle Term #) )0LICH

FORSCHUNGSZENTRUM

We) = S S DTS (U (N PP P, N

= 12:§X—n%—%1§:<\ufﬂ—fi—P|>r>
2 2 4 |7 — 7] )
Py Pj 1#£] v g

permutations of 2 single particle states remairx

p2 o 1 : . . :
7 S0 Rl = 75 (b, ~ 109, )
@duct: 4-Ter@
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Direct and Exchange Energy #) )0LICH

FORSCHUNGSZENTRUM

with sum over 7, j two kind of terms:
direct term contains:

62

(il (41 94 17);

-7

exchange term:

62

(il (41

Interaction energy: direct+exchange term

Ec = (V|U|V) = Egr + Ee
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Direct and Exchange Energy #) )0LICH

FORSCHUNGSZENTRUM

Fa = 3020, 0l =S i 1), + ] Gl = 30,1
ir — A = A\l TS = |2). : 1| . — 12y .
T g L \Ml VT e T M e
i7]
1 — e? o
= 5.2 Ul Gl ey 1),
i 7]
and
1 1 . . 62 62
Eex = (_1)222 (<]|J <Z|z ‘7;;_—»J| |.]>z|2>]‘|‘<7/‘] <]|,L|_; 77]| ‘Z>Z ‘j>3)
7]
1 — e? o
_ _igmlj (il ey 110,
L7

since for i = j both contributions cancel one can extend > — )

] (2]
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Spin-Dependence of £,

#) )0LICH

FORSCHUNGSZENTRUM

the Hamiltonian is spin-independent: [i),; = ¥:(7}, 05) = ¢ir (7)x(0;)

2

]

zgaa

— 7] jg—r o

J
= = Z /dV/dV, zg ¢z0 )|7;» —»/‘ jyka (_)/)qug (_)/)

i) 17);

direct term is spin-independent L ¥ (A (o
depends only on the charge density n(r) =3, i $i(F)Pic (7)
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Spin-Dependence of E_, #) )0LICH

FORSCHUNGSZENTRUM

1 L e? N
Loy = —§zz:<]|j (2l 7 — 7] r mj
o2
i,j oo’

xx; (@)xi(0") Xj(0')x;(o)

o \_
_J/
V -~

) e I H
_ “2500 Z/dV/dV b (P) o (F )‘F_mqﬁjo/(r )Pjo ()

exchange term is spin-dependent - only acts between states with
oc=o'l

Lecture MM-1, | ESM-2018, Krakow, Sept 18 2018 Prof. Dr. Stefan Blugel. | http://www.fz-juelich.de/pgi/Bluegel_S Folie 66



Hartree-Fock Equations #) )0LICH

FORSCHUNGSZENTRUM

b= m\gn <\IJSIaterdet. |H| \Ij3|atefdet->

minimize energy with respect to single electron wavefunctions

[ )

<\Ij ‘HO| \Ij> + Edir + Eex - Z €i,o {/dvqs;,ka(f))qbza(f)) - 1}

1,0

\ . J}
WV
\ Normalisation

vary for optimal ¥geer. — find best single particle states ¢,
Hartree-Fock-equations

B 0
N dor (T, 0)

0

A

2
(—h—V2 + Vext () + Viartree () — Vex (7 ZO_)) Gic (T) = €icPic (T)

2m
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Exchange hole: #))0LICH

FORSCHUNGSZENTRUM

1 : / 1 1
HEF _ o (L0 (A N AT (AN (A L
VX _ <¢f|¢f) ; <¢z (T)qu (T )|g’LJ|¢j (T)¢z (T )>(F’) Yij 2 ’,':; _ 7:}’
is the potential produced by the exchange pair (charge) density:
() = - 3 SO IS (6 (7
P @i (1)* i (7) i
it
Properties of n7 (7, 7") : > 08-
Charge: /n;‘((ﬁf’)d(ﬁ) =—1 E 06- ﬁ
Limit  (#) — () % 047
ng (7, 7) = —2_; 97" (r)oF (T) g
J. C. Slater, Phys. Rev. 81, 385 (1951)
ST S S S S

rin units of 1/k¢
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Simple Picture of Two Conduction Electrons#) JULICH

FORSCHUNGSZENTRUM

two non-interacting electrons in the homogeneous electron gas
two-particle wavefunction is Slater determinant

Wiz = ¢r2(Fr, 2)x12 = \/— Z 1)"2 Pagp1 (Fr) x1(01) p2(P2) x2(02)

1) antisymmetry can be in spin-part

i = % P M) = xeMxa (D)}

spatial wavefunction is symmetric
only one possible wavefunction —singlet state
total spin zero, i.e. two electron spins are antiparallel

I IS
d12(F1, 2) = Ve”“ glter
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Simple Picture of Two Conduction Electrons#) JULICH

FORSCHUNGSZENTRUM

two non-interacting electrons in the homogeneous electron gas
two-particle wavefunction is Slater determinant

Wiz = ¢r2(Fr, 2)x12 = \/— Z )72 P2gp1 (F1)x1(01) d2(Fo) x2(02)

2) symmetric spin-part

| ) ()
X12 = —= > Xath)xaely) + X1\)xa
V21T T D)

three wavefunction —triplet state
total spin one, i.e. two electron spins are parallel
antisymmetry is in spatial wave function part

- — 1 7 = i RN - -,
P12(1r1, ) = —=— (e’km glfelz _ e/k1fzelk2r1)
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Exchange hole homogeneous e-gas #))0LICH

FORSCHUNGSZENTRUM

In the triplet state: pair correlation function

p12(Fi, 7o)|
1

vz (1 — COoS (k1 — kg) (Fr — 72)>

Gii(r1, 12)

summed over all states

|k1 |<k/: ‘k2‘<k/:

Gu(F=F — ) = Z Z 7z (1—cos(k1—k2)7)

en - 9(sin Ker — Ker cos kFr)
2 (ker)®
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Exchange hole homogeneous e-gas #))0LICH

FORSCHUNGSZENTRUM

Ekchange hole
(one electron is missing)

-+ R

» Coulomb energy gain due to lack of electron in exchange hole

_ o0 1 2
Eex-hole = ezn/ d°r gr) = 1 = — § esz/ ax hx) =
r 7i 0 X
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#) )0LICH

FORSCHUNGSZENTRUM

Magnetism of Atoms
Transition-metals and rare earths

“almost all” atoms are magnetic (open shell atoms)
[ 0

1 1 0 ™
"TH s P erIOdIC Table e e va wia s | HE
I 7
2| Li | Be of Elements
|2
PINa|Mgfug wvg ve wis viB Vil B IB
19 |20
Kk |ca
37 |
S|Rb | Sr
55 |56
6 |Cs | Ba
&7 |68
"| Fr | Ra : 06 107 108 109
* Lanthanidel58 |52 |60 |61 |62 66 |67 o oY JT0 T
Series Ce| Pr |Nd Sm Eul To|Dy |Ho| Er |Tm|Yb | Lu
+ Actinide [0 92 |93 94 |95 [ 98 |99 [oo [101 |10z 103
Series Th|Pa | U
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Hund’s rule: Intra-atomic exchange #) )0LICH

FORSCHUNGSZENTRUM

Possible
M=3ug  quantum states

2 # P:(2(211V+1))
d
4s —**—

Hund’s 15t rule: maximizes the sum of the values S for all of
the electrons in the open subshell

© e e i g

M=1ug M=2pg M=3pg M=4pg M=5ug M=4pg M=3ug M=2pg

1-‘I«I_Il.l‘?‘. PeriOdiC Table s Iva YA Vs  Via
of Elements 8 [c|n

14 16
IE Y8 VB VB VIB —VI— B 1B i
T2 10 158 15 1% 12 CE PO %
r | |F | e

2 5152587




1.Hund’ s Rule

(Exchange Interaction)

Example: 3d Transition Mg

Magnetism of Atoms

“almost all” atoms are

Sc |Ti |V [Cr [Mn|Fe
4s° 3d' 3d° 3d” 3d® 3d° 3d°
d d

sc|t Ti [t[t
cr [ tIt{[t] | mn[tit[t[t]t

Lecture MM-1, | ESM-2018, Krakow, Sept 18 2018

V\\

¥(rio1, -

Exchange Interaction
. r?,o-’lJ ...

_lIJ(rlo-l, “ .. rjo-j, “ ..

#) )0LICH

FORSCHUNGSZENTRUM

)

y L0, " '1‘505)

Jrjaja e I‘50'5) —

__ \yMn
=U™(ry, -0, 15) - X111
v v
antisymmetric symmetric

lim M2 (ry,--. r5) — 0
r;,—r,

U(I‘i, I‘j) —

[ OMB(py -0 152

r; —rj

1
— d L I
2/ Iy Is

small

Fe

tit e[t

Prof. Dr. Stefan Blugel. | http://www.fz-juelich.de/pgi/Bluegel_S
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, se
Hartree and Hartree-Fock: o JULICH

pedestrian crowd dancers (Opernball)

single particle single particle in a mean field
iIn @ mean field plus a male-depletion clowd
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Hartree-Fock: summary A) )0LICH
Advantages:

» physically transparent

» proper antisymmetric behavior of wave functions

Disadvantages:

» more demanding for “open shell systems”
» works poor for metals

» overestimated band gap for insulators

missing: electron correlation
— more complicated wavefunction or...

Important message : Although Hamiltonian is without explicit
spin-dependence, effective interaction is spin-dependent.
Its all in the wavefunctions !! Antiskymmetry + Coulomb
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Density Functional Theory (DFT) #) )0LICH

FORSCHUNGSZENTRUM

Maps interacting many body problem onto noninteracting electrons in an
effective Potential

F F2

solve SE Calculate

Density

Single particle potential GS-
of non-degenerate Wavefct.
Ground state

GS-Density

Fy V(I‘)l—>¢

By : i n(r) } per construction surjective

FioF5:=G : V(r)+— n(r)
Hohenberg-Kohn-Theorem (1964): G is invertable
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Density Functional Theory (DFT) #)0LiC

FORSCHUNGSZENTRUM

 Hohenberg-Kohn (1964)

Vert(r) @ no(r)
U )

Vi({r}) = Wo({r})

 All properties of the many-body system are
determined by the ground state density ny(r)

« Each property is a functional of the ground state
density ny(r) which is written as f [ng]

« Afunctional f [ny] maps a function to a result: ny(r) — f
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Folie 82

FORSCHUNGSZENTRUM

#) )0LICH

Prof. Dr. Stefan Blugel. | http://www.fz-juelich.de/pgi/Bluegel_S

The density as basic variable

» access to local charges, ionicity, magnetization density etc.
constant

» via Poisson-equation: potential, work-function, dielectric

Lecture MM-1, | ESM-2018, Krakow, Sept 18 2018




The Kohn-Sham Ansatz (1) #) )0LICH

FORSCHUNGSZENTRUM

« Kohn-Sham (1965) — Replace original many-body
problem with an independent electron problem — that

can be solved!
* The ground state density is required to be the same as
the exact density no(r) =Y 3 |07 (r)|?,
T 3=1

Veer(t) ZE o) no(r) =2 Vigg(r)
f ] ﬂ I

V;({r}) = WYo({r}) Yi=1 N.(r) <= i(r)

* Only the ground state density and energy are required to
be the same as in the original many-body system
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The Kohn-Sham (KS) Ansatz (2) #)0LiC

FORSCHUNGSZENTRUM

' = From Hohenberg-Kohn the ground state energy is a
{ functional of the density E [n], minimum at n = n,

= From Kohn-Sham
»Electron Density: n(r) = Y  [¢i(r)]?

»Kohn Sham Total Energy:
Exs[n|[{R}] = Exin[n] + Eu[n] + Eext[n[{R},] + Eion[{R}] + Exc|n]

qguations for independent
articles - soluble

 The new paradigm — find useful, approximate functionals
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The Kohn-Sham Standard Model #))0LICH

FORSCHUNGSZENTRUM

“The Computational Approach”

For: Physics, Chemistry, Nanoscience, Materials Science,
Bio-Physics, Minerology, Geology,...

Total Energy: E = E[n,{R;},a,...]

Energy is functional of electron density n and external parameters
such as lattice constants, atoms positions, magnetization direction...

Secular Equation: H [n] ;[n] = &;[n] ¢;[n]
@ l Selfconsistency loop

Density: n(r) = Y [i(r)]?

i(occ)

CPU-Time scaling: = N°_.__ = \/olume?®, = Precision®

Lecture MM-1, | ESM-2018, Krakow, Sept 18 2018 atomv
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Comparison: DFT to Hartree (Fock) J JULICH

FORSCHUNGSZENTRUM

= Variation of Exg with respect to density n and wave function ¢
Leads to Kohn-Sham equations

1o , n(r) , 0Bk
[ M +Vext(r)+/‘77_mdr +

on(r)

] 0i(r) = €9 (T)

= \With the Kohn-Sham Hamiltonian
%—__V2+‘/ext /‘_, _,,|d74 +VXC( )

* To be compared to the many-body problem

1 1 1
H=Z<2vﬁ+%m)+2;ﬁfj :Zi:hﬁ;gw

)

Hartree Approx: [hi + Y (9;1gij105) — (0ilgii|0i)]ds = i
j

Hartree-Fock:  [hi + ) (&519:105)16: — D (959:5161) ¢5 = cidh
j

J

\ 4

corresponds to Vy(7) in DFT
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Exchange-correlation energy functionals !) JULICH

FORSCHUNGSZENTRUM

» Local-density approximation » Meta-GGA (Perdew and others
(LDA, Kohn and Sham, 1965) 2003)
Exo 0] = / exc(p (1)) p (r) dr Emaaa = / p(r)
| | o emaaa (P (r),[Vp(r) |, 7s(r)) dr
» (Generalized-gradient approximation ’
(GGA, Becke, Perdew, and Wang, 7s(r) = 5 D IV (r) P
19806) ’

Exc:/p(r) ecaalp (F),|Vp (1) ]) dr » Hybrid functionals (B3Lyp,
PBEOQO, Becke 1993)

» DFT+ U (Anisimov and others, Enor = aEfjr + (1 — o) Egga + E°
early 90 ‘s)

Eprr+up] = Eprr + Un(n—1)
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exchange-correlation energy functionals 4 JOLICH
(its all about precision and computational efficiency)

» Local-density approximation
(LDA, Kohn and Sham, 1965)

Exclpl = [ xlp () p(r) ot

» (Generalized-gradient approximation _ Materials Science
(GGA, Becke, Perdew, and Wang,1986)

Ee = / o () eacalp (1), |7 (1) |) dr

» Hybrid functionals (B3Lyp, _ Chemie
PBEOQO, Becke 1993)

Enypr = O‘El)\(IL +(1— ) Egga + E°
occ. BZ

R P DM | A BN O B A AT

o n,n’ k,q
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Example: Lattice Constant of Cu #) )0LICH

FORSCHUNGSZENTRUM

lattice constant (3)
3.4 3.6 3.8 4.0

0.1 : "o : I
oda =3.61A fee Cu - [ — f a]
_ - E d, S = CC, N
S —0.11 N o
3 -0.2- Y S y
E _0‘3_ 1 O 7
= —0.4- PN ) I
5 2
>, —0.51 GGA (PW91) )
’g —0.6- \ aU:f_i.ﬁEA |
S -0.7- §
= -0.8- & GGA (PWB6) '
= —0.9- \‘O-..___O--"'"O b
—1.D U, SO N TN
92 96 100 104 108

Relative lattice constant a/a - (%)
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Example (2): Solids #) )0LICH

FORSCHUNGSZENTRUM

Accuracy: lattice constants in solids.

C Al Si MgO Pt Ir W
LDA  3.536 3.983 5407 4.169 3.909 3.828 3.143
PBE 3575 4.041 5475 4261 3.985 3.887 3.191
Exp. 3544 4019 5415 4186 3.913 3.831 3.160

P. Haas et al. Phys. Rev. B. 79, 085104 (2009)
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What the total energy tells us oJ JUL'CH

—-7.80 |

Si

—-7.82

!
2

T ‘ T l 1 | 1 [ T l

Energy (Ry/atom)
I

—7.88

rd

HEXAGONAL

=700 DIAMOND

1 DIAMOND

IR [ B e [N Y (L
5

~-7.92 il ] L 1
0.6 0.7 0.8 0.9 1.0 1.1

Volume

» ground state structure, equilibrium volume, bulk modulus

» derived: phonon spectra, expansion coefficients, etc.
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#))0LICH

Accuracy vs. Computational Cost
>
(&
o
S A
(&
(&
<
©
O Hyper-GGA ex(I)
=
O
5 Meta-GGA T(r)
O
= GGA vp(r)
(C
(¢
5 LSDA (r)
=
Hartree World
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Metals: bcc Na #) )0LICH

FORSCHUNGSZENTRUM

E-Eg (eV)

» s-band: almost a free electron gas

» stronger deviations observed for p-states
» band bottom about 1eV lower than in experiment

» Fermi surface well reproduced!
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Europium bandstructure #) )0LICH

FORSCHUNGSZENTRUM

15

—
o
T

(6]
T

DOS (states/eV)
o

|
(¢, ]
T

E-E, (eV)

» s-bands + strongly localized f-electrons

» grey: wrong energetic position from LDA

» black: f-state energies corrected by LDA+U
» beyond DFT. GW approximation, DMFT, etc.
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DFT summary #) )0LICH

FORSCHUNGSZENTRUM

» complexity low (similar to SCF-Hartree)
» "Good” quantities (energy, density, magnetization) allow
determination of e.g.
» ground state structure, vibrational properties
» magnetic properties, and interactions

» energy differences: adsorption energies etc.

and (with some care) also other quantities like
» band structures (near the Fermi level)

» densities of states, e.g. for STM images

» transport properties

» Limitations are caused by:
» exchange correlation potentials (strong correlations)
» some properties are not directly available (e.g. band gaps)
» wave-functions describe just “auxiliary particles”
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DFT summary #) )0LICH

FORSCHUNGSZENTRUM

» complexity low (similar to SCF-Hartree)
» "Good” quantities (energy, density, magnetization) allow
determination of e.g.
» ground state structure, vibrational properties
» magnetic properties, and interactions

» energy differences: adsorption energies etc.

and (with some care) also other quantities like
» band structures (near the Fermi level)

» densities of states, e.g. for STM images

» transport properties

» Important extensions for magnetic materials
» Vector-spin-density functional theory

See lecture MM-3
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DFT summary #) )0LICH

FORSCHUNGSZENTRUM

» complexity low (similar to SCF-Hartree)
» "Good” quantities (energy, density, magnetization) allow
determination of e.g.
» ground state structure, vibrational properties
» magnetic properties, and interactions

» energy differences: adsorption energies etc.

and (with some care) also other quantities like
» band structures (near the Fermi level)

» densities of states, e.g. for STM images

» transport properties

» Important extensions (for bandgaps, excitations,

spinwaves, excitons etc. )
» Time dependent density functional theory
» Many-Body Perturbation theory (Hedin's GW-Approximation)
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Outline OJUL'CH

FORSCHUNGSZENTRUM

> Relativistic effects
» spin-orbit coupling
» Rashba & Dresselhaus effect
» topological insulators
» magnetism and spin-orbit coupling
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Relativisitic effects #) JULICH
Spin-Orbit Coupling

\/

% spin-orbit coupling has fascinating realizations and
ramifications in solids

Examples:

o Orbital moments

o Rashba Effect & Dresselhaus Effect

o Topological Insulator and Weyl semimetals

o Anomalous Hall Effect, Spin Hall Effect

o Quantum Spin & Quantum Anomalous Hall Effect
o Spin-Relaxation (Elliot-Yafet, Dyakonov-Perel)
o Spin-orbit torque

o Magnetic Anisotropy

o Dzyaloshinskii-Moriya Interaction

o Magneto-optics
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Examples of relativistic effects in solids 4 JULICH

FORSCHUNGSZENTRUM

magnetite
compass |
(200BC-200AD) 3D topological
different color of iInsulator

gold and silver
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Spin-Orbit Coupling: A))0LiC
Space Inversion Symmetry

Elemental solids (Cu, Si, Al....)

For a given band v the following two states have the same energy €k,

lIJkVT (I‘) — [akv(r)l T) + bky(r)l l)]eik'r
Uiy ) (1) = [0% 4, (T)] 1) — 0", (x)] T)]€™T
Proof: W11 (r) = [aww ()] T) + biu ()] 1)] ik
time reversal l —io,C
ag, (1)) 1) — b, (x)] D]e 7
space inversion l k - —k

%1, ()] 1) = b4 ()] T)]E™T q.e.d.




What happens when #) )0LICH

FORSCHUNGSZENTRUM

space inversion symmetry broken

(GaAs, InSb, interfaces, surfaces, ...)

Time reversal + space inversion symmetry

€kl = €k|

|. Z"uti'c, J. Fabian, and S. Das Sarma,
Rev. Mod. Phys. 76, 323 (2004).



Schrédinger and Dirac #) )0LICH

FORSCHUNGSZENTRUM

classical Hamiltonian
2 2 4 2 2
E

=m°c +pc
J .
E—ih— p — —ihV
P P

Dirac Equation: Hp = o - cp + fmc* — eV (r)

. 0 o
4 X 4 Mat : — —
atrices o (a O)’ I6; (

Eq for large (E —2mc® + eV (r))y
& small com’nt: (E + 2mc? + eV(r))x
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2D- Dirac equation #) )0LICH

FORSCHUNGSZENTRUM

2D solution with Pauli spin matrices: o, =0, Q, =0, =0,

0 1 0 - 1 0

1o/ P li o) *\lo -1

H=cd -p+mcio, — g _

Binding energy (eV)

-0.04 =T "
k(A O D\l;.ih-‘ B v 0.04
e -0.04 k, (A1)

Sato et al. Nature Phys. 7, 840 (2011)
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3D- Dirac equation #) )0LICH

FORSCHUNGSZENTRUM

Dirac equation with scalar (V) and vector potential (A):

HY = ih%q’ = E'WY; H = -V (r)+ [3’m02 +a -(cﬁ+e;1(?))

bi-spinor wavefunction: ¥ = W |
X — 2 slarge
~ 151 — 2p,,large |
(E’ —mc* + eV(F))zp =0- (cﬁ + eA(?)) X _ — 2 Pz Iajlge
o B ;j;nsamall
(E’ +me’ + eV(?))x =0 - (013 + eﬁ(?))zp ﬁg? or = 2Py, small -
non-relativistic limit: gl o )
|
E +mc?=2mc?>>eV(F) E=E -mc* (Z=83)
1 e - ’ ARV =2 .
E+eV(r)-— (ﬁ +— A(F)) =0 % " o005 01 o015 0.2
2m c r (a.u.)
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Pauli equation #) )0LICH

FORSCHUNGSZENTRUM

no spin-dependent term appears in the Schrodinger equation:

o\ 1
E”V(?)—L'(ﬁiA(F)) =0 put w=(¢)

2m C

w\l’

approximation to Dirac equation keeping terms up to 1/c?:
Mass-
velocity

1 term

(E +eV(?))2 +

2
E+eV(F)—L~(]3+£A(F)) + >
C

2m

2mc

eh
(2mc)

eh
(2mc)

eh

G-B@F) |y =0
2mc

i _E(F) p- 25-(E(F)xﬁ)—

direct implementation in DFT Hamiltonian possible,
SOC & magnetic field term couple the two spin channels
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Relativistic effects in Ag and Au #) )0LICH

FORSCHUNGSZENTRUM

density of states (DOS):

non-relativistic scalar-relativistic
6 | T F
% | “
O 4 M] W M I
O | N \ g
®))
< o — —
0 i .J | _1_—-——|—-]-.f i | e — i 1
4l ' L L
D)
O ”{} - -
|
D2 — —
<
0 e | g =iy
-10 -5 0 -10 -5 0 -10
- E_ (eV)
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: : : )il
Spin-orbit coupling <) JULICH

interaction with an (internal) magnetic field:

eh (= 2\ Mg o~ [m— - u3~(1*~ ~)
o' |E(r)x p|= O |Er)xpl=—0'|—E(r)x
(2m0)2 ( ) p) 2mc ( ) p) 2 c (r)yxv
o o I Bo(7)
O'B(r)=ugo-B(r) with Thomas factor

eh
2mc

similar to:

in a central (spherically symmetric) potential (atom):

Up ~ (e =)\ MB = (S =) M AV(@) . oy . =
2mca (E(r)xp)— 2mca (VV(r)Xp)_chrv o ,G (r><p)—§a L

3
Periodic!! &£(r+ T) = £(r)
note that the spin and the orbital momentum (L) couple
antiparallel!
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Spin-Orbit Coupling #) )0LICH

FORSCHUNGSZENTRUM

R,,V
[ (r)

'\

T,

Spin-Orbit Hamiltonian: Hgo =

h
(2mc)

s VV Xp-o
E(r)

W

electron in an atom
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Spin-Orbit Coupling J JULICH

RRRRRRRRRRRRRRRRR

.

T T_) /Raav(r)

Spin-Orbit Hamiltonian: Hgo = f VV xXp-o

(2mc)?

Spherically symmetric potentials: —

Estimate of Spin-Orbit Strength:

» Functional form of WF:  Rye(r ) o
* Examples: &Y = 0.571 eV g = 2.217 eV




A typical semiconductor: Ge #) )0LICH

FORSCHUNGSZENTRUM

- without SOC  with SOC
= \J ¥ o | 4

i ol

| AT /I

E-E_(eV)

|
—
i

empty band / heavy-hole band

split-off band light-hole band
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#) )0LICH

FORSCHUNGSZENTRUM

Breaking inversion symmetry:
Dresselhaus & Rashba effect
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Broken | symmetry: Dresselhaus effecf/ Ll

in presence of SOC: €(k,1) # e(k, 1) i.e. k-dependent spin splitting (here: a k3)

Dresselhaus Hamiltonian (k ¢p-theory, e.g. in (111) direction):

H, =ap[(7xpx(l7§ —pf)+aypy(p§ —pf)+azpz(p§ _pyZ)]

\> — HgTe

)

L I X

zincblende structure

X
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Two-Dimensional Electron Gas #))0LICH

FORSCHUNGSZENTRUM

® InGaAs/InP heterostructure: 120-
Ing 53Gag 4,AS
140-
= y|?
2DE E |
¥ F >$60-
n
nk Ing 77Gag o3AS
grown by MOVPE
InP
180-
0.0 ' 0.5
Energy (eV)

® Electrons movingin a IE field:
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Broken | symmetry at a crystal surface !) JULICH

FORSCHUNGSZENTRUM

Free electron gas in electric field:

Suppose E = Ee, and momentum confined in (x,y) plane:

—%Vz +aR5°(I€“ xé’z)}wi = £,

Rashba Hamiltonian

this describes electrons at a surface or an interface (e.g. doped
layer between two semiconductors)
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Electrons at Surfaces #) )0LICH

FORSCHUNGSZENTRUM

E o —
A=

- @ Fﬁ + Spin-Orbit Strength (2)
M @@@ * Asymmetry of W
/ - * Orbital (s,p.d ...)
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The functional forms of Q(k): #) )0LICH

FORSCHUNGSZENTRUM

Symmetry Analysis o g, o
W

(1-10] v J ¥
< N, NS

e. Jg., H>O
Coyp . E, Co, oy(x2), 0p(yz)

xZ
[110]

Lowest-order symmetry preserving form:
H ~ (a:c2—|—5y2) s

ky ~x, ky~vy, o0gx~Yyz, oy~ —2

| |
Hso ~ akzoy + Bkyoy

J. Fabian
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The functional forms of Q(k): #) )0LICH
Symmetry Analysis

. .
Hgo ~ 5(04 - /B)U%Uy + kyaw) == E(a — ﬁ)(kxay — kyaw)

Hso = 'YD(kxO'y -+ kyo'x) -1~ aBR(ka’:O'y — kyo'a:')

\ Y, w Y,
" Y
D54 Dresselhaus C'a, Bychkov-Rashba
J. Fabian
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Axis of spin-rotation #) )0LICH

FORSCHUNGSZENTRUM

Spin Splitting at constant £ (Energy)

\ .
.0

* “’
*
0‘. ”0
0‘ .‘
* \ / *e

Rashba type Dresselhaus type
Inversion Asymmetry Inversion Asymmetry
by heterostructure in crystal structure

Lecture MM-1, | ESM-2018, Krakow, Sept 18 2018 Prof. Dr. Stefan Blugel. | http://www.fz-juelich.de/pgi/Bluegel_S Folie 127



Rashba-Hamiltonian #) )0LICH

FORSCHUNGSZENTRUM

@ Electrons movingin a E field: H = ip2 + a—R(o' X Py)
2m- " R E
Hr
® 2D electron gas (in xy-plane)
etk T
i) (ky, 1) = 1T(1))
V(2
Time reversal: l —iayé

etk g je—t/2
M(T)(—knarn):i”/ JO V2 L etp/2



Rashba-Hamiltonian #) )0LICH

FORSCHUNGSZENTRUM

® Electrons movingin a IE field: H = Lp? 4

2m

R
7(0' X P||)|Z

Hr
® 2D electron gas (in xy-plane) :

k)T 2T | o 1p/2
i) (K1) = e\/ﬁ (L) = em NG ( Zieisoﬂ )

k, = (kz,ky,0) = k;(cos p,sinp, 0)

z

® Direction of quantization axis

sin ¢ COS @
n. (k) =W logl) =+ —cosp Lok =k | sing

0 0
® Time reversal: —z’ayé , P = QT kll

fli(k”) — flq:(_kH) — _ﬁ:i:(_kﬂ)
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Spin orientation in the Rashba effect #))0LICH

FORSCHUNGSZENTRUM

. . . eii‘)ll'ﬁl 1 fje—iv/2

Spin orientation of: T o \/7( iei(p/z)

sing

1/)J_r7c»">= —COos @
0

-
g

iy (ky) = (‘/’J_rz"

2
with energies ¢, = ﬁ + agk

l.e. the spin is always perpendicular to the
propagation direction (spin-momentum locking)!
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Spin Precession — Datta-Das Spintransistor #) JULICH

FORSCHUNGSZENTRUM

@® spin precession

! 1 - 6ikw1L [ 1
1 (+z—pol) 0 -
. _ oiknL

® phase shift

A0 = Ak, L = 2m*alL/h?

® spinreversal:

1
1

AO =7 [ ]
(+z—pol)

Datta and Das (APL 56, 1990)
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STS : Fe on Cu(111) #) )0LICH

FORSCHUNGSZENTRUM

1
STS o« ALDOS(E(Fy,T) pn cos(2k(m)r)

(&)

Sllifece

Crommie etal, Science 323, 218 (1993)
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1 Two-dimensional Electron Gas !)JULICH

RRRRRRRRRRRRRRRR
Cu fcc F

£
()]
N <+
S 0t | g | | ; | 2k <4
£ '
. ; '2 ‘—\__‘:‘-:::\\ :‘}_/\’/’ﬁ\_/\\——p; 1 T
5 I} | Bgpe— TN >
© . T R Nk - /
B 4 7 s == 1 E ;/
= M6 - ]
8| | w

-._
'-—-—-._




Au(111) Surface #) )0LICH

FORSCHUNGSZENTRUM

Theory PES Experiment

=
©
1 C
[8}
(2]
c
(0]
£
(0}
O}
N
=
o
| C
IS
(0]
T
-
()
O
o
|©
>
=
=

- ]
-02-01 0 01 02
r T o -
100~ =
s surface states E k=
9; 200 i
£] B =
5 300 2
N J/]; 4008 g
- caal 2
bulk states
o 02T Lashell et al., PRL 77, 3419 (1996)
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Origin of the Rashba-Splitting #) )0LICH

FORSCHUNGSZENTRUM

= 100 — , , —
= . |
60 s -
; 80 - -
3 £ j
S © .|| Rashba splitting as function :
60 ; ;
3 § of radius of the sphere in
S a0k —eAu(lll) T} which SOC is taken into 1
s £ w} account for Au(111)
= =
= E
2 | s 20 o
= e ] 5
7
f@ 20 — ch 0 I ] ] | ] ] I ] ] (4)
& 0.5 115 2 S
contribution of the sphere radius (a.u.) €
- idividual layers 7]
% ] | 1 ::
-0 S-1 S-2 S-3 =1
<

layer (S = surface)

® Layer contribution to Rashba-splitting decays like the surface state into the bulk

® 90% of each layer comes from a region within 0.2 a.u. near the nucleus
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E-E, (eV)

Example:

(111) surface states

coinage metal surfaces

I-d

0 2(T-M) r

02(T-M)

Z(Cu) =29

Z(Ag) = 47
Z(Au) = 79

-0 F -1 {8 ] a
momentum [A

)

aF

|8 Assuz bapur

-l'\.ia" ' -l‘l-.i . ‘i‘l'ﬂ ’ E‘I
mamenturn [A |

DFT calculations and SP-ARPES agree very well [experiment: Reinert et al.,

Lecture MM-1, | ESM-2018, Krakow, Sept 18 2018

PRB 63, 115415 (2001)]
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Broken | symmetry: Rashba effect OJUL'CH

lower symmetry allows terms a k: [—AIR =0Op [axpy - Gypx]

wurzite structure

Ishizaka et al., Nature Mat. 10, 521 (2011)
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SOC effects in topological insulators
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: S M)
band-inversion in Sb,Te, < JULICH

surface without SOC
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increasing SOC strength

requires symmetry analysis at the I’
point (parity +/-)
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. . . i
band inversion: Bi vs. Sb JJUL'CH

bulk Bi: topologically trivial v=(0;000)
bulk Sb: topological semimetal v=(1;111)

Sb Bi changing the SOC strength

T T T T " T

005 hon- | A
trivial | trivial .4 L
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decreasing SOC strength
o for vanishing SOC: another band-inversion at T
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. " JXN
Sb and Bi surfaces: o/ JULICH

Sb(111) Bi(111)
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o Sb: surface state connects valence and conduction band: v=(1;111)
o Bi: both spin-split branches return to valence band
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, )
Summary ll: =4 JULICH

relativistic effects
» single particle Dirac equation

» scalar relativistic effects (d-band position Au, Ag)

> spin-orbit effects

» T & S inversion symmetry (p,,,-ps,, Splitting)

» T inversion symmetry (Rashba & Dresselhaus effect)

» no T inversion symmetry (magneto-crystalline anisotropy)
» topological effects

» k-space: topological insulators

» real space: magnetic skyrmions

» two particle effects (Breit correction, dipole-dipole interaction)
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