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Chapters of the two lectures

1. A quick refresh of quantum mechanics

2. The Hydrogen problem, orbital and spin angular momentum
3. Multi electron systems

4. Paramagnetism

5. Dynamics of magnetic moments and EPR

6. Crystal fields and zero field splitting

7. Magnetization curves with crystal fields




The equation of motion

The Hamilton function: H =T +V = f(p;, q;)

with T the kinetic energy and V the potential, g the positions and p the momenta gives the

equations of motion: dp;i _ OH dgi _ 0H

dt aqz dt ap?;

Hamiltonian gives second order differential equation of motion and thus p(t) and q(t)

Initial conditions needed for ¢,p = mq
Classical equations need information on the past!
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The Schrodinger equation

. o,
Quantum mechanics replacement rules for Hamiltonian: p; — p; = —zhaq_

g — i = i

L, 0 A
Equation of motion transforms into Schrédinger equation: zha U(g,t) = HV(q,1)

Schrodinger equation operates on wave function (complex field in space) and is of first order
in time. Absolute square of the wave function is the probability density to find the particle at

selected position and time.

Initial conditions needed for ¥(q, to)
Schrodinger equation does not need
information on the past!

How is that possible? We know that the past influences the present!
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Limits of knowledge

Livingston Hanford
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Eigenstates

To determine an observable quantity O (for example average position q) you calculate:
0= <U|0|¥ > = /q!*(x,t)éql(x,t)dV

In case the Hamiltonian is no function of the time, you get the time independent equation:

ﬁ¢(q) — E+  and the energy is conserved

The Schrodinger equation usually has more than one solution with different energies
Solutions with a particular energy are called eigenstates of the system

En

ot

For an eigenstate you find: lIJn(q, z;) = qpn(q)e—i

For all eigenstates, expectation values of observables (that do not explicitly depend on time)
are time independent and the energy has no spread (sharp value)
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Quantum numbers

Often, the Hamiltonian does not change under particular transformations (change of time,
position, rotation in space, etc.)

Each of these “symmetries” gives conserved quantities (just like time translation and energy)

See— Noether theorem

Especially, if H and O commute, you can find states that are eigenstates of both H and O
HO — O = [H,0] = 0

H|Ynm> = Ep|thnm>, Olthnm> = O |[hnm>
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Quantum numbers

A complete set of commuting operators (commute pairwise) gives a full basis set of
eigenfunctions of the quantum mechanical problem

There is no need to write down the wave function, you can characterize it by giving
the eigenvalues of the complete set of operators

Since we are ‘lazy’, we will use this nomenclature and only show pictures

Any quantum state can than be written by a superposition of eigenstates and it
is sufficient to give the complex coefficients

B -

U(g.t) =) cjvhi(q)e” 7"

J

Since eigenstates and coefficients do not depend on time, all time dependence comes
from the energy of the eigenstates
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Central potentials and the angular moment

~2

2 p
H="+V
2+ v(r)

Neither the kinetic energy nor the potential energy changes, if we rotate the coordinate

system around the origin
Two rotation angles are needed to describe this — we expect two conserved quantities

~
A

Angular momentum | = 7 x p [22’ I.] =0

Standard choice of set of commutating operators is I> and |,

~ ~

12,1.]=0,[12, H =0,[l.,H] = 0
Solutions of the angular part of the Schrodinger equation are the spherical harmonics

Yim(0,¢) with [=0,1,2,....m=—1,—-1+1,...1—1,1

T
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Spherical harmonics

Eigenvalues are:

P|Yim> = B2+ 1)| Vi >

Phase of Y,

Yim (0,9) = fijm) (0)re™?

Useful: Z Y |? = const

l.e. like s-orbital, no angular momentum

The moon?

V46, p)F

Yi@, oI  |YHe.eF  [Yi6,0F YO0l

T
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Central potentials and the angular moment

Individual components of | do not commute

Y, has an exact value for I>and | , i.e.

you can measure them exactly and at the
same time

The x and y components are
widely spread on circles, when you measure <-o
them but the average value, i.e. the

expectation value, vanishes
l4+ =1z 1l
L |Yim> = B/I(1+ 1) — m(m £ 1)| Va1 >

<Yzm|li|mm > =0

Z-axis T LA

<

=37

Correspondence ?
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The orbital magnetic moment

Magnetic moment of ring current (orbital moment)

IA = —evnr? = _—e(mw?“Q) = _—ef
2m 2m

i

Quantum mechanics

aA —62\
M_2m
Mz = —HUBM

ul = VIl +1)up
eh —24
Bohr magneton uB:E:9.27><10 JIT

Attention: The magnetic moment behaves like an angular momentum
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The spin magnetic moment

Stern Gerlach experiment

Atomic Ag beam in inhomogeneous
magnetic field leads to sorting of atoms
with respect to the z-component of
their magnetic moment

~ |M FEBRUAR 1922 WURDE IN DIESEM GEBAUDE DES

PHYSIKALISCHEN VEREINS, FRANKFURT AM MAIN,
VON OTTO STERN UND WALTHER GERLACH DIE. '
FUNDAMENTALE ENTDECKUNG DER RAUMQUANTISIERUNG
DER MAGNETISCHEN MOMENTE IN AT'E}MEN; GENLAEHI-‘_ ,

Two spots found

(Spin) angular momentum s=%2 with
S =+-72

B

[’,};8 — ﬂ;Bgsg ™ Torsion fibre

Landé factor of the electron 2¢=2.0023~2

g.=2 for relativistic Dirac equation
Fermm;\gnelin rod

Einstein de Haas experiment: g=1 (data fiddled)

T ’
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The Hydrogen problem

We still need to solve the radial part of the Schrodinger equation with 1/r potential
We find radial wave functions with principal quantum number n and energy

E, = —Rpg— Radial wave function has (n-1)-I nodes, I<n

Hydrogen Wave Function

Probability density plots.

2N m—=l=) _ .o ‘ ey
\ ’_PJEP(L;:;H-L ]_(pl f 3("!(1:}‘5__7\

=y

“-.E/ 2nf(n+ 1)) ‘

T
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Relativistic corrections

In the rest frame of the electron, a proton current circulates creating a magnetic field that
acts on the spin moment of the electron (+other relativistic effects)

A small energy shift arises depending on the direction of s with respect to |

| and s couple to total angular momentum j

1
]z:lz+8z:h(ml+m8):]:l:|:§

<.>
I
=
_|_
&>

For the Is-coupled states we find an intermediate g-factor between 1 and 2

B +j(j+1)s(s+1)—l(l+l)
g™ 2(j+1)

16
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Pauli principle

The many particle wave function % (71, 51,72, S2, . . .)
of Fermions needs to be antisymmetric under exchange of each pair of electrons

Example: ¥ (1,2)=-Y (2,1)

If both electrons have the very same quantum numbers including spin:

W(1,1)=—%(1,1)=0 This cannot happen!

Wave function of electron is a product of spatial and spin part: ¥ (1)=¥ (r,)x& (1)

For antiparallel spins (singlet): o (1,2)=@ (11 -17) antisymmetric
For parallel spins (triplet) : o(1,2) = TT,% (1L + 1), Ll symmetric

— Spatial part ans pin part of wave function have opposite symmetry

T



Exchange energy

\I’(’”l,”z): (¥, ()Y, () +Y (7)Y (7))

symmetric for singlet

Sl Sl

Y (r ry)=—=¥,(r)¥Y,(r,) =Y, (r)¥,(r)) antisymmetric for triplet

For the antisymmetric wave function : ¥ (», r,)==Y¥ (r, )
In case r =r_ follows : Y (r,r)=0
— Coulomb repulsion of two electrons in He is lower for antisymmetric spatial wave function

and thus its energy Is lower than that of the symmetrical spatial wave function
Spin triplet states are lower in energy




Exchange energy

Exchange interaction between two spins: difference of the coulomb energy due to symmetry

2

* * e
E—E, =2[Y (r)Y,(r,) 41Teo‘rl—r2|\Y“(r?‘)\yb(rl)drldrz

AE=—-2E.S,S,

For He, the ground state is easy to find:

We can put two electrons in the 1s state only with opposite m_, same m_not allowed

We can put one electron in the 1s and the second in the 2s and make the wave function
antisymmetric

Here the exchange favours the triplet state

Exchange is smaller than difference between 1s and 2s energy

T ’



Problems of many electron states

T
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Problems of many electron states

Let us put n electrons in the system, e.g. Fe with 26 electrons
Alone the spin part of the wave function has 22° = 67.108.864 combinations / dimensions

Nobody can write down, calculate or store this totally antisymmetric wave function

We need an educated guess with some simplified quantum numbers

Angular and spin momenta of all electrons add up L Z lz, = Z Si, J=L+S

We only care for the lowest energy states and determine the number of electrons in a shell
and the spin, orbital and total angular momentum

We are left with a J multiplet with J(J+1) states

T 21




Hund’s rule

A complete atomic shell has one electron for each spin and each magnetic state

For complete shells, we have only one choice to fill the states

— Both the total spin and orbital angular momentum vanish, as well as J

Complete shells have no magnetic moment

Hund’s rules describe how to fill in the electrons with spin-orbit interaction in

incomplete shells and take into account the exchange interaction

1| 2|3 |4% (5|6

1s12s _.35 4s|5s6s
Bare in mind that in e.g. in Fe the 1s, to 4s shells 2p|3p, Ap\pp 6p
are full (20 electrons) adlad|5dl6d
To store the wave function requires for the 't
principle quantum number (1...4)=3%, 4f | 5f | 6f
angular momentum (0 or 1)=22%, 59|64
magnetic quantum number (-1,1,0)=3"
an spin (+-1/2)=22 coefficient....... This is about 10 complex numbers!

22

T




Hund’s rule

1. Hund’s rule: Ground state has maximal S,

because for maximal S, spins are mostly parallel, i.e. symmetric spin part

and antisymmetric spatial part of wave function, where electrons cannot
be at same position minimizing Coulomb repulsion

2. Hund’s rule: Ground state has maximal L,

because Coulomb repulsion is smaller, if electrons orbit in the same
rotation sense (sign of magnetic quantum number) around the nucleus

3. Hund’s rule: For less than half filled shells J=|L-S| and for more J=|L+S]|,

because spin-orbit interaction is given by A Z S, in which A changes sign
from positive to negative at half filled shell

T ’



Hund’s rule

Side note: Half filled shells have L=0 and shells with one less electron have J=0.

from: Blundell

Karlsruhe Institute of Technology



Hund’s rule

Example: Fe 3d°

half
full

1. Hund’s rule m_: VZ v Y2 v Yol Vo Vo e Vo S

2. Hund s rule m: 2 1 o -1 -2 2 1 o -1 -2

3.Hund’srule J: |L-S] |IL+S]
S=%5(5-1)=2
Spectroscopic term UL L=O-2+(2=2)
A= D J=|L+S|=4, g=3/2
° u=6u_

bce Fe with 2 atoms per unit cell of (286 pm)® leads to M= 12 y_/ (286 pm)° =4,75 MA/m*
But experimental value is 1.71 MA/m?




Problems with Hund’s rules

Hund's rules work well for free atoms and ions

- fails for 3d atoms/ions in matter due to exposure of 3d wave functions to

neighboring atoms, quenching of orbital momentum

Hund’s rule work well for rare earth atoms and ions

- 4f electrons are shielded from neighboring atoms and spin-orbit interaction is strong

Hund’s rule fails near half filled shells minus one (second order corrections)

4 f" 5 L g mo=gJ mg= gJJ(J+ 1) m:::?"'"
- 1 cet 3 3 2 2 214 2.54 2.5
B A A 2 Pt 1 5 4 i 320 3.58 35
@ - 5
‘gU.S B Cobalt 0.5F Gadolinium 3 Nd** : & 2 IR 3.52 34
= L A 3p L 4 Pm™* 2 6 4 P 240 2.68
504f i 0.4 naf S s 2
© L Eg 5 Sm 5 2 %2 om 0.85 g
0.3 03 P 6 B 32 3 0 0 0 0 14
g0.2 02| X - 7 G I 0 I 2 10 7.94 8.9
gy oLl £\ WP J[ _6s § T 3 3 6 I 90 9.72 9.8
g L i ‘:1:-—;j 9 Dyt $ 5 B 1 100 10.65 10.6
ki A0 . 1 b o
= " GD 0.1 02 0 Ho* 2 6 & 3 100 10.61 10.4
: 11 Bt I g L & 9g 9.58 9.5
Radius, r (nm) Y G
12 Tm* 1 5 6 1 10 7.56 76
13 Yhit+ 1 3 7 B 49 4.53 4.5
from Coey 2 2
26



The Zeeman effect

Magnetic moment of atom EIE. _
couples to external field
(along z-axis) il

E=—jiB

J E,

Hz =—pB =g 0518 szz m=1m =

m=0m,=-1/2

Zeeman operator commutes as

it is proportional to J_

m=-1m_=-1/2 |

Splitting of the states

Atom can be excited by =g ,sUzB.
microwaves

(magnetic dipole approx.) ey s om = ae
When yOU h|t the ’ ° % ? M?gneif:E:I rres?:] * * 0o all alle
right frequency — ESR/EPR/NMR A

Karlsruhe Institute of Technology



The Zeeman energy and the Brillouin function

With partition function Z, the expectation value of m  can be calculated

'l |—
+J
7= Z em g usWy Blk,T
m,=—J
din(Z)
<m, :_kBTd—B:gJLSMBJXBJ(gJLSMBJB/kBT)
=
< of
= slope 1/3
2J+1 2J+1 1
BJ(y):Z—JCOth<2—Jy)—ﬁCOth<2lJ)
kyT Sl = [ | | g | |
-3 =2 =} (] | 4 3
]

Karlsruhe Institute of Technology



from: Kittel

:gMBJB
kyT

Curie - Weiss

1/%

700

e
a8

s

Magnetic moment (Bahr magnetans/ion)
L
2

1.00

The Zeeman energy and the Brillouin function

5

| 1
® A=
2 g s=4 @™ m
B B
§= ] Felt Al
— =35 (Fe'%) 1
g=31 @ 1 -
R a—
o 130°% 8
a 200K 1
£ 300%K
B 421K il
| = Brilbouin funclions
{Eq. 23) it
I 1 A O L1
20 30 4
BT in kG deg=!

T

Karlsruhe Institute of Technology

29



Adiabatic demagnetization

Adiabatic Demagnetization

No magnetic field

yami L]

Entropy, S

HI =2 TR

B
With magnetic field

Tem perat(tjlre, T

) C. Rose-Parud, Brown University, 7-Jan-99, Chem 201 #1

Karlsruhe Institule of Technaology



Adiabatic demagnetization

Passive
= Gas-Gap Heat
g ’}/ Switches
] l:' p a8 ,I'!" “.I- =

Thermal
Isclation
Stands ™~

NASA: X-ray calorimeter of the
international X-ray observatory

0 T 1 i I ¥ 1 * I 5 1
0 10 20 30 40 h 50

{t —

PTB: Micro-Kelvin nuclear demagnetization of Cu

T

Karlsruhe Institute of Technology
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Superposition states

Eigenstates have trivial dynamics with a mere phase change of the wave function

_9JLsmyBz,

v = |Jm,]>e h

What about superposition states?

> +| 4>
Example: spini/z P = 1 \/§| t

<YlE:fY >= 5 (<Ts:] 1>+ <l >+ <L sl 1> 4+ <) 3] 1>)

1
= 5h(1/24+0+0-1/2) =0

But with §x:ﬁ
2
1 ) ) o .
<lselp >= 7 (<P A 1> + <P 18£8 1> + <L 50+ 1>+ <L |31 +3_|4>)
1 1
:Zh(0+0+1+0+0+1+0+0):§h < Y[sylp >=0

AT .



Bloch sphere

T>AZ 9
CE S cosg| > +sin §ei¢'| 1>

s E—
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Bloch sphere

Precession in magnetic field: ¥ (¢) = e—i%t (cos g| > +sin geiﬁbﬂe—i 5 Tt| 1>)
E, —FE guBB.
O(t) = do — — Tt = — =1

Note that when you measure an ensemble of spins, you will see two effects:

- longitudinal relaxation, i.e. relaxation to the ground state by dissipation with lifetime T,
- dephasing of the individual precession by e.g. slightly different environments with T,

Electron paramagnetic resonance: you induce transitions between magnetic states m,
in a magnetic filed B_ and study time evolvement of superposition states




The crystal field

The electric fields of neighboring atoms can perturb the centro-symmetric
potential of the free atom

The new eigenstates are thus mixtures of the free atom eigenstates

In 3d elements, the crystal field is typically larger than the spin-orbit interaction
and you need to go back to L and S states

In 4f elements, the crystal field is typically smaller than the spin-orbit interaction
and you can keep the J states

If crystal field is not too strong, the orbital states in the presence of a crystal
field are states with a good L? but not with a good L




The orbital states in a cubic crystal field

m = () Pz 2l tn = 12




Quenching of the orbital momentum

While L? is not influenced <d,|L’|d,>=r"L(L+1)

. 1 1
I—Z Is quenched <dxy|Lz|dxy>:§(<Y22|Lz|Y22>+<Y2—2|Lz| Y2—z>):5<2_2):0

So, if you apply a magnetic field along z, you see to first order no magnetic moment along z
In second order perturbation theory, you see eventually an orbital momentum
Perturbation: V.=u,L,B, u?:_‘SE <L.>= 0L

' 8B, " M0 B,

1

Z:Zexcued <—2uBBx|<q;0|Lx|q;n>|2}_ 2B [<Wo|L, W, > jV_2uBBZ|<tuo|LZ|tun>|2 3
" E —E, E—E, E —E,

¥, : multi-electron wave function




Quenching of the orbital momentum

A closer look;

Z:ZeXCited(_2uBBx|<L|)0|Lx|LI}n>|25C>_2“BBJ/|<L|)0|LJ/|LIJ”>|2 ’_);_2HBBZ|<LIJO|LZ|LIJ;1>|2 —Z>)
: E —E, E —E, E —E,

L_can only be caused by mixing of states that contain same L components
dxz’ dyz and de” dxz—y2

L or Ly can only be caused by mixing of states that contain L components that differ by one
asL and Ly can be written as superpositions of L_and L,




Crystal field splitting in an octahedral crystal field

elzd;:Yzo
T md =Ly
2 22 N A
1 .
t1:ﬁ<dxz_ldyz):Y2—l
t2g
1 .
t2:5<_ldxz+dyz)zy21

fully quenched

partially quenched

Karlsruhe Institute of Technology
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Weak octahedral crystal field

o}
AI ?}x\
//f .f'r’l b
P ) weak-field case
\"-Lx . l:;'.
/ A e
b ey a— g
34/5

------------------------------

free atom Tte L 2‘{]/5

t e

Hund’s rules hold; S=2

L quenched

AT

Karlsruhe Institute of Technology

40



Strong octahedral crystal field

strong-field case ’
N\ e
WY ' 2
} " 1 g
P 3A/5
free atom _ 2&{5
T Y W
e . Degenerate ground state!
Y Ly L is not fully quenched

Hund’s rules fail: S=1

AT '
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High spin

S

2

High-spin low-spin transitions

Low spin

Fas

S=0

Karlsruhe Institute of Technology
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Stevens operators

Heyp=—e) V(7)) ey . =3 [B0+Y B'O" 2793"

i=1 n=0 m=1

B), B: Crystal field parameters 0°: only J. up to power n (and J)
O”,0": Stevens' Operators 0),0: also | J,|"

Which terms contribute?

- No terms with odd n (time reversal symmetry)

- No terms with n>2J (2J+1 states in the multiplet)
- 3d: choose J=S, n=4 / 4f: choose J, n=6

- No terms with n>2| (crystal field acts on |)

- Specific symmetry of the crystal field

- Mirror plane eliminates all O™

43
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Stevens operators

?[Jf_ Pl= 10, + 0, =2P,
1
1 [JZ(J+ )+ (= I = E[inz +Jzdy] = Py
377 - X]
1 1 Ogs
E[JZ(J_;. +I) (I + )] = E[JI"Tz + I J] =Py,

1 13 o 1 13 024
SR+ =1 -, o

63
—1 -3
?[{Ji - Jf] Gaz

T2 =)+ 1.7 - 72) %

‘f[uﬁ — )1 - X = 5)+ (112 - X = 5)(J2 - J2)]

—'i Gﬁl
Tl -1 -

[35.J2 — (30X —25) 72 + 3X7 — 6X]
04+ 1) -

(3X + 1)J,) + (772 = (3X + 1)J,) (J, — J_)]

GEE

(3X + 1)J2) + (TJg —(3X + )T + J)]
L4 Y12 X —8) + (2 - X—5)(7 4 ) Ooe
L+ 20, + 402+ 2] O
l

J4+J“‘]

Gasa =

S W=7

_Ii[wi — IO+ T (T2 - 1))

%{Jj —J)(LL2 — X —38) (1102 — X — 38)(JE — J*)]

?[{Ji _ JB)(LLI — (3X + 59)) + (LT — (3X +50)7,)(72 — 2]

_f[ﬁii — J2){337} — (18X +123)J7 + X* + 10X + 102} + {...}(J} - J?)]

%[m — JU)M33J7 — (30X — 15)J2 + (5X? — 10X +12) 1} + {.. . }(J, = J)]
[231.7° — (315X — 735)J% + (105X7 — 525X 4 294).J% — 5X3 4 40X7 — 60X]
10X +12) .} 4+ {.. . HJy + )]

i[(h + {3375 — (30X — 15)J° + (5X7 —

U2+ )32 -

i[(.riuf}(mg (3X +59)J,) + (LLJ? — (3X 4 59).1,) (J% + J2)]

(18X +123)J7 + X* + 10X + 102} + {.. . }(.J3 +J2)]

T (LI~ X 38) 4 (10— X ~38)(74 + 1)

1
1[(.1}’; H P+ (T 4 )

1

E[-Lﬁr +J2]

AT

Karlsruhe Institute of Technology
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Co*", S = 3/2 (4 states)

Energy

Energy

Sz
-3/2 -1/2 1/2 3/2
: l
./ <Sz>
-3/2 -1/2 1/2 3/2

Zero filed splitting

0 o2
Oy x S}

OgchA'_zF—I—S'E

ASz = +2

Energy

Energy

Ni**, S = 1 (3 states)

Sz

v

<Sz>

v

oc |®e® O
—_—

A\ ¢

Karlsruhe Instifule of

Techmology
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Ways to determine the crystal field parameters

~ A J
Solve the crystal field + Zeeman Hamiltonian: Hj; = Hcop + g5rsi4B EB
Compute partition function: 7 — eKpT
2J+1 0ln(Z)

Compute magnetic moment:
Fit to experimental data of magnetization

Use different directions of magnetic field (easy and hard directions)

_ 1 CT T m—— = | T
S5 =
B oo, g Pl B2 =-96peV for Pt(111)
%0 L : %0_ Easy axis along z
S S ! :
oy | A = ] 2 —
= Er/Pt(111) | = / Ericu(111)]  Blo=906ueVior Cu(1il)
] = Bz : | ! | - 1 i | A | | L= Easy plane
6 4 -2 0 2 4 6 4 -2 0 2 4 6
Field (T) Field (T) Donatti et al. PRL 2014
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