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 Models

«  STONER model
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Quantum mechanical description of solids

ﬁ:TI_'_Te_'_VII_I_VGG_'_—i_VGI

Adiabatic approximation

Electrons:

A

H(R) — Te(R) - Vee(R) -+ _|_VeI(R)

H=1T;+ Vi + ER)

R={R;, R, Rs,..)
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Solution of the electron problem ‘ﬂvﬂ

A

HR)=1T.(R) + V..(R) + +V.;(R)

Many-electron Schrodinger equation:

HR)®(r,R) = E(R)®(r,R)

Electron coordinates:
r={rqy,ro,r3,...}

Fixed ion coordinates:

R = {R,,R2,Rs, ...}

13.10.2017
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Solution of the electron problem ‘uvn

Many-electron Schrodinger equation:
HR)®(r,R) = E(R)®(r,R)

. Free electrons

 Hartree approximation
 Hartree-Fock approximation
« Density functional theory
One-electron Schrodinger equation:
A h® 07
HQO(I‘) o ( I 81'2
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Magnetic interactions
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___ tersctons _________{

There is no elementary magnetic interaction!

Dipol-dipol interaction between magnetic moments:

1

Epp(R) = —;

(M; - M2 — 3(M; - R)(M2 - R))
M~ 1pp

Enp ~ 10 % \5 f jj[ _ e

B 2mc
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Hartree-Fock approximation

Exchange interaction caused by Pauli principle:

Ansatz for the wave function:
1

(I)HF(rl---ri---rN) = \/ﬁ

det [q, (ri)]
Hartee-Fock energy:

Errlpo] Z [ e @ HE) R0,

2

W1 Z/d?’ d*r' ——— [k, (t) pa, (1) h, ()0, (1)

o
17 \r r|

—(I‘)gpai (r)gpr’)gpaj (I'/)]

Exchange of two electrons!



Limits of magnetic phenomena

Electrons in isolated atoms:

Mostly magnetic, Hund's rule

Electrons in an ideal Fermi gas:

Mostly non-magnetic
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Localisation of the electrons

Atomic orbitals:

localised

Bloch waves:

delocalised
\
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Localisation of the electrons ‘Evﬂ

Degree of electron localisation causes magnetism or not!

« Simple metals and semiconductors:
non-magnetic

« Rare earth atoms:
atomic magnetic moments

. Transition metals and actinide:
weakly localised electrons
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Interatomic exchange

Direct exchange: M
Indirect exchange: S “
0.6'¢.0'¢'¢,

Superexchange:

Itinerant exchange: magnetism of delocalised electrons
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Magnetic insulators: Magnetic metals:
EuO, EuS, MnO, ... Fe, Co, Ni, ...
ISING HEISENBERG HUBBARD
H=— ZI,,;j Si - S; H = Zt@-ja;;aja + %Uanni_a
(¥} )0 10
H=-=Y Jijs;s; Nioe = U 0io
s; = +1 7 7= %

Mean field approximation
<AB>=A<B>+<A>B-<A><B>
WEISS STONER

Cargése 13.10.2017




STONER model
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STONER model ‘ﬂvﬂ

One-electron Schrodinger equation for spin-dependent potential:

(o O VE)gh(r) = kel (r)

Charge density:

n(r) =nt () +n (r) = ) len @)+ len, )
Magnetization density:

m(r) =nt(r) —n"(r) = Y _loh @) = > len ()
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m(r) =n"(r) —n"(r) = ) _lom,

m
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STONER model ‘Kvﬂ

One-electron Schrodinger equation for spin-dependent potential:

(o VE@)ph(r) = cheh

Spin-dependent potential:

VER) =V F S IM M= ' miy
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Spin-polarized band structure

Wave function unchanged by spin polarization, constant potential:
+
P () = Om(r)

Splitting of the eigenvalues:

€

1
=+ __ i
— S m T —1
m & 2

E A Ej:ﬂ

VARERY S
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DOS (E) [states/eV/atom]

DOS (E) [states/Ry/atom)]
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STONER model ‘Kvﬂ

Number of electrons:

Er
N = / dE{Dy(E +IM/2)+ Do(E — IM/2)}
Magnetic moment:

M= / T A {Do(E + IM/2) — Do(E — IM/2))

Fixed: N, Dy(F) To be determined: FErp, M

F(M) = / o dE{Do(E + IM/2) — Do(E — IM/2)}

Self-consistent solution
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STONER model ‘ﬂvﬂ

Properties of F(M):
« F0)=0

«  F(—M)=—F(M) bzw. Ex(—M) = Ep(M)
¢« F(do0)=+M, and —M. < F(M)< My

« F'(M)>1 monotonically increasing

AD+ _|_MOO Al)—l— _MOO

A /)

>E ;E
\"/ \"/
VD™ D~
EF EF
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STONER model ‘ﬂvﬂ

F(M) = / o dE{Dy(E + IM/2) — Do(E — IM/2)}

= B[ A Do(E + IM/2) = Do(E — IM/2)}

dEr

+{Do(E + IM/2) — Do(E — IM/Q)}d—M]

F'(M) = / P dE[{Do(E + IM/2) + Do(E — IM/2)}
dEp

+{Do(E +IM/2) — Do(E — IM/Z)}d—M]

Cargése 13.10.2017
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STONER model ‘Kvﬂ

Calculation of % from dN =0

AN AN
AN = = dEw + —dM =0
dE» * T OM

N = / . dE{Dy(E + IM/2) + Do(E — IM/2)}

dEr 1 (Dy —Dy)
2

I
0= (DT + D7)dE “ (DT — D7)dM - —
( O+ O) F“|'2( 0 O) dM (D(—)I—_|_DO—)

Cargése 13.10.2017
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STONER model ‘Kvﬂ

F'(M) = / pri dE[{Do(E + IM/2) + Do(E — IM/2)}

dE R

+{Do(E +IM/2) — Do(E — IM/2)}d—M]

dEr I (Dy —Dy)
dM  2(D§ + Dy)

Fon = Lof+ oy - BBl y s

(Dg + Dg )?

Cargése 13.10.2017
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STONER model ‘Evﬂ

Paramagnetic solution:

. trivial solution M=0
A F(M)

» M
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STONER model ‘ﬂvﬂ

Ferromagnetic solution:

. trivial solution M=0

* two solutions with spontaneous magnetization lLMS

A F(M)

| >

STONER criterion:  F'(0) = IDy(EFr) > 1

Cargése 13.10.2017




STONER model 4

STONER criterion:  F'(0) = IDy(EFr) > 1

J
N

Do(Er) [eV™Y I[eV] IDo(Er) M [up/atom)]

Na 0.23 1.82 0.41
Al 0.21 1.22 0.25
Cr 0.35 0.76 0.27
Mn 0.77 0.82 0.63
Fe 1.54 0.93 1.434 2.22
Co 1.72 0.99 1.70 1.71
Ni 2.02 1.01 2.04 0.61
Cu 0.14 0.73 0.11
Pd 1.14 0.68 0.78
Pt 0.79 0.63 0.5

Cargése 13.10.2017
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HEISENBERG model
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Magnons in second quantization

Hamiltonian: H = —.]Zs,ﬁ - 85 = —]Z ls s’ + s sj + s; SJ_)]
(i7) (ij)

+ x : 1
S - 87 4+ is?
i i i

[s3,5%]) = £s2b,;, [st,87] = 2576 lowers zcomponent raises zcomponent
1 ] t ) i J 1)

Bosonization:|0) is the ground state (magnon vacuum); analyze small fluctuations

Holstein-Primakoff Semiclassic approximation
transformation (linear spin-wave theory)
T
a;a;
s‘i_:2sa.j 1 — é' _
§ "cold large spins}. s =2sa! createsaboson
1.
st =1/1- “2“' 250, aja;/(25) <1 si = 2sa; destroys aboson
S
sf — g — a‘zai sf = 8§ — a:-ra,t counts bosons

t | Plug this into Hamiltonian and
owad] = s lowas) =[] =0 ignore non-bilinear terms.
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Magnons in second quantization

Free-boson Hamiltonian: H = —JNs* — Js > (aj — a) ) (a; — a;)
(i)

. . 1 : (I.T

Fourier transformation: a; = TN Y exp(—ik-r)ax Ok

N ar  destroys a magnon

creates a magnon

k-space Hamiltonian: H = Z 8,,(k)a,};ak
k

energy €,(k) = s(J(0) — J(k)) with J(k) = ]Zcxp —ik - 9)
hw 4
AV UL S A o L L LS o B B S
)
e(k) =2Js (1 —cos(ka)) (only one basis atom)
L 7 basis atoms lead to » magnon branches (k).
0 Pk
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. Introduction

 Topological electron states
« The quantum Hall effects
 The topological Hall effect

e  Summary
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What is a Berry phase?
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Schrodinger equation and adiabatic evolution

® : . - | | ot TR, /
s - . TR AT SN Ra. °
HR)|on(R)) = Ex(R)lpn(R)) 7
e e U "-'-j..'\",..
' it R =t : |
Ison(Ro)> = exp(iqn (€) Isan(Ro»

s L 2%
ol M.v: Berry, Proc,. R..S0C. A393, 1802 (1984)

- 4. - et ” ’ .
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What is a Berry curvature?

Berry phase:
W(C) =i § dR(n(R)|Vrlpn(R)

Berry connection:

An(R) = i{¢n(R)|VR|on(R))

Berry curvature:

Qn(R) =V x An(R)
= 1{VrRen(R)| X [Vren(R))

M. V. Berry, Proc. R. Soc. A 392, 1802 (1984)



Berry curvature of Bloch states




Semiclassical equation of motion

Change of momentum:

hk = —eE  — ef x B(r)

Change of position: Lorentz force

ROk

Anomalous velocity

M.-C. Chang and Q. Niu, Phys. Rev. B 53, 7010 (1996)



Transversal transport coefficients




Ohm'’s law and conductivity tensor

14.10.2017



The Hall trio
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Hall effect Anomalous Hall effect Spin Hall effect

1879 1881 2004

B M
Ay S S—
Lorentz force Berry curvature
(k)
spin-orbit interaction:
s-L

Nagaosa, Sinova et al., Rev. Mod. Phys. 82, 1539 (2010)



ok = 32 | drp00020

Anomalous Hall effect: Spin Hall effect:
_ T — s _ ~+ —
Oxy = Ogy T Ogy Opy = Ony — Ozy

Cargése 14.10.2017
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Intrinsic spin Hall conductivity ‘Kvﬂ

Energy (eV)

s o 4
= 33
= 2
- 1
E 30
: I _
{ E 52 3
5 483 X
= = -4 o
= = o)
E 45 c
- 46
= 5-7
= = -8
E 5-9
= . —=-10 1C i N
1) L HE| 11111111]F_11 L | | i L = Lol l1-10
A\ L r X W -20 0 20 W L r X W I -2000 0 2000
S 241 -1 S -1
(10°Q 'ecm ) (Qcm)
gy O o)
Pt: 2000 2 (92 cm) ™! Au: 400 2 (Qcm)t

Guo et al., PRL 100, 096401 (2008); J. Appl. Phys. 105, 07C701 (2009)
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Diabolic points



Band crossing and diabolic points

energy

€p [

J. von Neumann, E. Wigner, Phys. Z. 1928

E — Er (eV)

0.10

0.05 |

0.00

-0.05

-0.10

0
ky (arb. units)




Point charge and magnetic monopole

Y»\_.!-)‘.:-“‘f»{ldx.g,,

Point charge field: r—rg 50
Ei(r) =+Q » i

r —1ro|3 | I

e e
-~

Magnetic monopole:

r —Ip

B =+
Berry curvature monopole:
k — kg
Q4 (k) ==+

P.A.M. Dirac, Phys. Rev. 1948



Monopole field: r—rg

B:t(r) =3--

g]r—r0]3

Dirac’s quantization of the monopole field:

P.A.M. Dirac, Phys. Rev. 1948

R N L I

L o o o e
-
-~

sl " '
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Berry curvature monopoles

Monopole field: 1 k—k ,\ : »{ /,
Q. (k)=+= 0 TSI b L
2| k—kol® |ZE—= i/ caiirs
Dirac’s quantization of the monopole field: | =227 771 | anils
k — k; 1
Qk)=V xA(k - : 4
1 1
— [ dkV-Q(k) = — don-Qk)=C CeZ
27 \V4 2T oV

P.A.M. Dirac, Phys. Rev. 1948
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Intrinsic spin Hall conductivity
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Spin Hall effect of an insulator and Chern number iy

v

_K -« r - K



Chern number

.
|

dk (k)

parity

Sl

|
S

Wi
e

_K « r - K -K «— F — K



Band inversion without TRS

CHERN insulator:

' +m¢ Gap in 2d

SOC

WEYL semimetal:
Gapless in 3d

Cargése 14.10.2017
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Band inversion with TRS ‘Kvﬂ

\;\/ Z2 TI.

gap in 2d and 3d

) . - Kramers
N t + degeneracy

SOC

Y VL. Y DIRAC semimetal:
no gap in 3d
+ crystal symmetry

Cargése 14.10.2017



Topological surface state of a Z2 TI

T 0 T

B. A. Bernevig, T. L. Hughes, S. C. Zhang, Science 314, 1757 (20006)



Topological surface state in Bi,Te;

Sn'Te

=l

Energy in eV

K T M

I M
hys. Rev. B 88, 245120 (2013)

- =~

T. Rauch, M. Flieger, J. Henk, and |. M.,
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The quantum Hall trio <uv

A

Quantum Hall = Quantum spin Hall Quantum anomalous Hall
(1980) (2007) (2013)
* > > - > —

Quantum Hall Quantum spin Hall Quantum anomalous Hall

The conductance is quantized!

S Oh Science 2013;340:153-154



Topological Hall effect

B. Gobel, A. Mook, J. Henk, and I. M., Phys. Rev. B 95, 094413 (2017)
B. Gobel, A. Mook, J. Henk, and I. M., New Journ. Phys., accepted (2017)



Experiment to measure the THE

V' 2DEG

Chiral spin texture
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M. Nagao et al., Experimental observation of multiple-q states for
the magnetic skyrmion lattice and skyrmion excitations under a zero magnetic field.
Phys. Rev. B 92, 140415 (2015)
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B. Gobel, A. Mook, J. Henk, and |.M., Phys. Rev. B 95, 094413 (2017)

Cargése 14.10.2017



Skyrmion — background spin texture
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Electron bandstructure in background spin texture 4!"“

H = E tijCjCj —J E C;I_&Ci - 1;
1] 1
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homogenized field

Borge Gobel, Alexander Mook, Jurgen Henk and Ingrid Mertig, Phys. Rev. B 95, 094413 (2017)



From THE to QHE
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Spin texture, skyrmion number and emergent field iy

v

" homogenized field

Borge Gobel, Alexander Mook, Jurgen Henk and Ingrid Mertig, Phys. Rev. B 95, 094413 (2017)
Keita Hamamoto, Motohiko Ezawa, and Naoto Nagaosa, Phys. Rev. B 92, 115417 (2015)



Free electrons in a triangular lattice

= 2 C=-1 ! I
o L
[}
o L
L
0 - i
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2 = e - -
7 C=-2
— - 1 -0 PERTEES I BT IRI T LI MUY N U I A |
0 0.2 0.4 -02 00 02 04 06 0.8
DOS ny (O'On)

Borge Gobel, Alexander Mook, Jurgen Henk and Ingrid Mertig, Phys. Rev. B 95, 094413 (2017)



Comparison of THE and QHE NS
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The quantum Hall trio and THE

Quantum Hall Quantum spin Hall Quantum anomalous Hall .
(1980) (2007) PIE) Topological Hall
A P

(a) Quantum Hall (b)Quantum spin Hall (c)Quantum anomalous Hall

The conductance is quantized!

S. Oh, Science 340,153-154 (2013)



Chern number — topological invariant

Berry curvature acts like a magnetic field and
causes anomalous veolcity!

Anomalous velocity is the origin of the transversal
transport coefficients: spin and anomalous Hall
effect and quantum spin and anomalous Hall
effect, as well as the topological Hall and quantum
topological Hall effect!

Cargése 14.10.2017






