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1. Spin-orbit interaction

ESM Cluj 2015



ESM Cluj 2015 

Spin-Orbit Coupling 

Spin and angular momentum coupled to create total angular 
momentum j.    J = l + s
                           m  = γj

From the electron’s point of view, the nucleus revolves 
round it with speed v ⇒ current loop. It is a relativistic effect 

           I = Zev/2πr
which produces a magnetic field µ0I/2r at the centre

                    Bso = µ0 Zev/4πr2     [~10 T for B or C]

 E = - m.B                          Eso = - µBBso

Since r ≈ a0/Z         and   mevr ≈ ħ  Eso ≈ -µ0µB
2Z4/4πa0

3

The spin – orbit Hamiltonian for a single electron is of the form:
in general Hso = (1/2me

2c2r)dV/dr l.s

Here the two ħs have been assimilated into λ, making it an energy (c.f. exchange)

67 3.1 Orbital and spin moments

only be integral. Bold symbols represent angular momentum vectors, which
have units of h̄.

Ze

Bso

Spin–orbit interaction from
the viewpoint of the
electron.

From the electron’s geocentric point of view, the nucleus revolves around it
with speed v. The motion is equivalent to a current loop In = Zev/2πr , which
creates a magnetic field µ0In/2r (2.7) at the centre. The spin–orbit interaction is
due to this magnetic field, Bso = µ0Zev/4πr2, acting on the intrinsic magnetic
moment of the electron. The electron’s magnetic moments associated with ℓ

and s are oppositely aligned. The interaction energy (2.73) εso = −µBBso can
be written approximately in terms of the Bohr2 magneton and the Bohr radius,
since r ≃ a0/Z for an inner electron and r = na0 for an outer electron, and
mevr ≈ h̄. In the former case,

εso ≈ −µ0µ
2
BZ4

4πa3
0

. (3.12)

The Z variation means that the spin–orbit interaction, while weak for light
elements becomes much more important for heavy elements and especially
for inner shells. The associated magnetic field is of order 10 T for boron
or carbon. The correct version of the spin–orbit interaction, resulting from a
relativistic calculation, is given in §3.3.3. The expression (3.12) is modified by
a factor 2. The interaction for a single electron is represented by the spin–orbit
Hamiltonian

Hso = λl̂ · ŝ, (3.13)

where λ is the spin–orbit coupling energy. l̂ and ŝ are dimensionless operators
– the h̄2 has been absorbed into λ, thus giving it dimensions of energy.

3.1.4 Quantum mechanics of angular momentum

The Bohr model is an oversimplification of the quantum theory of angular
momentum. In quantum mechanics, physical observables are represented by
differential operators or matrix operators, which we denote by bold symbols
with a hat. For example, momentum is represented by p̂ = −ih̄∇ and kinetic
energy by p̂2/2m = −h̄2∇2/2m. The allowed values of a physical observable
are given by the eigenvalues, λi , of the equation Ôψ i = λiψ i , where Ô is the
operator and ψ i are the eigenfunctions, which represent the possible observable
states of the system. The eigenvalues are determined by solving the equation
|Ô − λI | = 0 where |· · ·| denotes a determinant and I is the identity matrix.

The angular momentum operator is l̂ = r × p̂, with components

l̂ = −ih̄(y∂/∂z − z∂/∂y)ex − ih̄(z∂/∂x − x∂/∂z)ey − ih̄(x∂/∂y − y∂/∂x)ez.

(3.14)

2 We usually approximate the spin moment of the electron as 1 µB . Strictly, this equation should
be εso = −gµBmsBso.

j

l

s



2. Single-electron atom
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Orbital angular momentum 

The orbital angular momentum operators also satisfy the commutation rules: 
 
 l x l = Iħl               and   [l2,lz] = 0 

Spherical polar  coordinates 
x = r sinθ cosφ 
y = r sinθ sinφ 
z = r cosθ 

Nucleus Ze

Electron -e

67 3.1 Orbital and spin moments

only be integral. Bold symbols represent angular momentum vectors, which
have units of h̄.

Ze

Bso

Spin–orbit interaction from
the viewpoint of the
electron.

From the electron’s geocentric point of view, the nucleus revolves around it
with speed v. The motion is equivalent to a current loop In = Zev/2πr , which
creates a magnetic field µ0In/2r (2.7) at the centre. The spin–orbit interaction is
due to this magnetic field, Bso = µ0Zev/4πr2, acting on the intrinsic magnetic
moment of the electron. The electron’s magnetic moments associated with ℓ

and s are oppositely aligned. The interaction energy (2.73) εso = −µBBso can
be written approximately in terms of the Bohr2 magneton and the Bohr radius,
since r ≃ a0/Z for an inner electron and r = na0 for an outer electron, and
mevr ≈ h̄. In the former case,

εso ≈ −µ0µ
2
BZ4

4πa3
0

. (3.12)

The Z variation means that the spin–orbit interaction, while weak for light
elements becomes much more important for heavy elements and especially
for inner shells. The associated magnetic field is of order 10 T for boron
or carbon. The correct version of the spin–orbit interaction, resulting from a
relativistic calculation, is given in §3.3.3. The expression (3.12) is modified by
a factor 2. The interaction for a single electron is represented by the spin–orbit
Hamiltonian

Hso = λl̂ · ŝ, (3.13)
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2 We usually approximate the spin moment of the electron as 1 µB . Strictly, this equation should
be εso = −gµBmsBso.

l = r x p =  
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Orbital angular momentum operators 

l =1 case

ml = 1, 0, -1 corresponds to the eigenvectors

lx, ly and lz operators can be represented by the matrices:

where

Eigenvalues of l2:

        l(l+1)ħ2  
 l is the orbital angular momentum quantum number

√[l(l+1)] ! 
ml ! 

z 
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Solution of Schrodinger’s equation 

Schrodinger’s equation:

Satisfied by the wavefunctions:

Where:

And the combined angular parts are

(Vn
l are Laguerre polynomials   V0

1=1)

(Legendre polynomials)

Normalized spherical harmonics:
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One-electron hydrogenic states 

The three quantum number n ,l  ml 
denote an orbital.

Orbitals are denoted    nxml,        
x = s, p, d, f... for l = 0,1,2, 3,...

Each orbital can accommodate at 
most two electrons* (ms=±1/2)

*The Pauli exclusion principle: No two electrons can have the same four quantum numbers.
⇒  Two electrons in the same orbital must have opposite spin.

n l ml ms No of states 

1s 1 0 0 ±1/2 2 
2s 2 0 0 ±1/2 2 
2p 2 1 0,±1 ±1/2 6 
3s 3 0 0 ±1/2 2 
3p 3 1 0,±1 ±1/2 6 
3d 3 2 0,±1,±2 ±1/2 10 
4s 4 0 0 ±1/2 2 
4p 4 1 0,±1 ±1/2 6 
4d 4 2 0,±1,±2 ±1/2 10 

4f 4 3 0,±1,±2,±3 ±1/2 14 
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Single-electron orbitals 

s electrons P electrons d electrons

101 4.2 The many-electron atom
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Figure 4.3

Radial probability
distributions deduced from
the radial parts of the wave
function R(r ). The curves
are labelled with the
values of n and ℓ.

becomes

H0 =
∑

i

[−(h̄2/2me)∇2 − Ze2/4πϵ0ri] +
∑

i<j

e2/4πϵ0rij. (4.7)

The sum over many pairs of interacting particles makes this an intractable
analytical problem.2 An appropriate way of dealing with the extra Coulomb
interactions is to suppose that each electron experiences the central potential of
some different, spherically symmetric charge distribution. The potential with
many electrons is no longer a simple Coulomb well and the degeneracy of
the energy of electrons with different ℓ-values but the same principal quantum
number n is lifted. The 4s shell, for example, then turns out to be lower in
energy than the 3d shell, the energy change depends on filling. The sense
in which the shells are filled defines the shape of the periodic table. The
potentials can be determined self-consistently. This is known as the Hartree–Foch
approximation.

n 1 2 3 4 5 6

1s 2s 3s 4s 5s 6s

2p 3p 4p 6p

3d 4d 6d

4f 5f 6f

5g 6g

5d

5p

Sequence of shell filling for
a many electron atom.

When several electrons are present on the same atom, at most two of them,
with opposite spin, can occupy the same orbital. The ions of interest in mag-
netism generally follow the L–S coupling scheme, where individual spin and
orbital angular momenta add3 to give resultant quantum numbers (here S and
L ≥ 0):

S =
∑

si, MS =
∑

msi, L =
∑

ℓi , ML =
∑

mℓi .

2 There is a very complicated analytical solution to the three-body problem, but there are usually
many more than three particles involved in atoms.

3 When spin-orbit coupling is very strong, as it is in the actinides, it is appropriate to first couple
li and si for each electron, to form ji , and then to couple these total angular momenta. This is
the j−j coupling scheme.
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4 Be
    9.01
 2 + 2s0

     

12Mg
  24.21
 2 + 3s0

     

2 He
  4.00

     

10Ne
  20.18

     

24Cr
 52.00
 3 + 3d3

   312
     

 19K
  38.21
 1 + 4s0

     

11Na
  22.99
 1 + 3s0

     

3 Li
    6.94
 1 + 2s0

     

37Rb
  85.47
 1 + 5s0

     

55Cs
  13.29
 1 + 6s0
     

38 Sr
 87.62
 2 + 5s0

56Ba
 137.3
 2 + 6s0

59Pr
  140.9
  3 + 4f2

1 H
  1.00

     

5 B
  10.81

     

9 F
  19.00

     

17Cl
  35.45

     

35Br
  79.90

     

21Sc
 44.96
 3 + 3d0

     

22Ti
 47.88
 4 + 3d0

     

23V
 50.94
 3 + 3d2

     

26Fe
 55.85
 3 + 3d5

    1043
     

27Co
 58.93
 2 + 3d7

    1390
     

28Ni
 58.69
 2 + 3d8

     629
     

29Cu
 63.55
 2 + 3d9

    

     

30Zn
 65.39
 2 + 3d10

    

     

31Ga
 69.72
 3 + 3d10

    

     

14Si
 28.09
    

     

32Ge
 72.61
    

     

33As
 74.92
    

     

34Se
 78.96
    

     

6 C
  12.01

     

7 N
  14.01

     

15P
 30.97
    

     

16S
 32.07
    

     

18Ar
  39.95
     

39 Y
 88.91
 2 + 4d0

40 Zr
 91.22
 4 + 4d0

41 Nb
 92.91
 5 + 4d0

42 Mo
 95.94
 5 + 4d1

43 Tc
 97.9
 

44 Ru
 101.1
 3 + 4d5

45 Rh
 102.4
 3 + 4d6

46 Pd
 106.4
 2 + 4d8

47 Ag
 107.9
 1 + 4d10

48 Cd
 112.4
 2 + 4d10

49 In
 114.8
 3 + 4d10

50 Sn
 118.7
 4 + 4d10

51 Sb
 121.8
 

52 Te
 127.6

53 I
 126.9

57La
 138.9
 3 + 4f0

72Hf
 178.5
 4 + 5d0

73Ta
 180.9
 5 + 5d0

74W
 183.8
 6 + 5d0

75Re
 186.2
 4 + 5d3

76Os
 190.2
 3 + 5d5

77Ir
 192.2
 4 + 5d5

78Pt
 195.1
 2 + 5d8

79Au
 197.0
 1 + 5d10

61Pm
   145
 

70Yb
 173.0
 3 + 4f13

    

71Lu
 175.0
 3 + 4f14

    

90Th
  232.0
  4 + 5f0
      

91Pa
  231.0
  5 + 5f0
      

92U
  238.0
  4 + 5f2
      

87Fr
  223
 

88Ra
 226.0
 2 + 7s0

89Ac
 227.0
 3 + 5f0

62Sm
  150.4
 3 + 4f5
      105

66Dy
 162.5
 3 + 4f9

179   85

67Ho
 164.9
 3 + 4f10

132   20

68Er
 167.3
 3 + 4f11

 85   20

58Ce
  140.1
  4 + 4f0
      13

Ferromagnet TC > 290K

Antiferromagnet with TN > 290K

8 O
  16.00

    35

     

65Tb
  158.9
  3 + 4f8

229  221

64Gd
  157.3
 3 + 4f7

    292

63Eu
  152.0
  2 + 4f7

     90

60Nd
  144.2
  3 + 4f3

     19

66Dy
 162.5
 3 + 4f9

179   85

Atomic symbolAtomic Number

Typical ionic change
Atomic weight

Antiferromagnetic  TN(K) Ferromagnetic  TC(K)

Antiferromagnet/Ferromagnet with TN/TC < 290 K

 Metal

 Radioactive

Periodic Table

80Hg
 200.6
 2 + 5d10

93Np
  238.0
  5 + 5f2
      

94Pu
   244

      

95Am
   243

      

96Cm
   247

      

97Bk
   247

      

98Cf
   251

      

99Es
   252

      

100Fm
     257

      

101Md
     258

      

102No
     259

      

103Lr
     260

      

36Kr
 83.80
    

     

54Xe
 83.80
    

     

81Tl
 204.4
 3 + 5d10

82Pb
 207.2
 4 + 5d10

83Bi
 209.0
 

84Po
  209
 

85At
  210
 

86Rn
  222
 

 Nonmetal Diamagnet

Paramagnet

BOLD Magnetic atom 

25Mn
 55.85
 2 + 3d5

      96
     

20Ca
 40.08
 2 + 4s0

     

13Al
 26.98
 3 + 2p6

    

     

69Tm
 168.9
 3 + 4f12

    56
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3. Many-electron atom
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The many-electron atom 

Hartree-Fock approximation

•  No longer a simple Coulomb potential.

•  l degeneracy is lifted.

•  Solution: Suppose that each electron experiences the 
potential of a different spherically-symmetric potential.
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Addition of angular momenta 

J

L

S
J = L + S ⎢L-S⎢ ≤ J ≤ ⎢L+S⎢

Different J-states are termed multiplets, denoted by;

2S+1XJ

X = S, P, D, F, ...    for   L = 0,1,2,3,...  
Hund’s rules 
To determine the ground-state of a multi-electron atom/ion. 
1)   Maximize S 
2)  Maximize L consistent with S. 
3)  Couple L and S to form J. 

•  Less than half full shell  J = L-S 
•  More than half full shell  J = L+S  

First add the orbital and spin momenta li and si to form L 
and S. Then couple them to give the total J  
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Fe3+ 3d5 

2    1    0    -1   -2

↑ ↑ ↑ ↑ ↑ S = 5/2 L = 0 J = 5/2

6S5/2

Note; Maximizing S is equivalent to maximizing Ms = Σmsi , since 
Ms ≤ S   

Hund’s rules; examples 
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2    1    0    -1   -2

↑ ↑ ↑ ↑ 
↓ 

↑ 
↓ 

Co2+ 3d7 

S = 3/2 L = 3 J = 9/2 

4F9/2

Note; Maximizing L is equivalent to maximizing ML = Σmli , since 
ML ≤ L  
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2    1    0    -1   -2

↑ ↑ ↑ 
↓ 

↑ 
↓ 

↑ 
↓ 

Ni2+ 3d8 
S = 1 L = 3 J = 4 

3F4
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Ce3+ 4f1 ↑   

S = 1/2 L = 3 J = 5/2  

2F5/2
 

3   2    1    0   -1  -2   -3
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Nd3+ 4f3 

S = 3/2 L = 6 J = 9/2

4I9/2

↑   ↑ ↑ 

3   2    1    0   -1  -2   -3
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Dy3+ 4f9 
↑ ↑ ↑ ↑ ↑ ↑ 

↓ 
↑ 
↓ 

3   2    1    0   -1  -2   -3
S = 5/2 L = 5 J = 15/2  

6H15/2
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Hund’s rules 3d and 4f 
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Spin-Orbit Coupling

Hso=ΛL.S Λ is the spin-orbit coupling constant

Λ  > 0 for  the 1st half of the 3d or 4f series.
Λ  < 0 for the 2nd half of the 3d or 4f series.              (for Hund’s 3rd rule)

Compare single-electron atom case:   Hso = λl.s 

Λ = ± λ/2S

L.S  = (1/2)(J2 - L2 - S2) = (ħ2/2)[J(J+1)-L(L+1)-S(S+1)]

ion Λ

3d1 Ti3+  124 
3d2 Ti2+    88 
3d3 V2+    82 
3d4 Cr2+    85 
3d6 Fe2+ -164 
3d7 Co2+ -272 
3d8 Ni2+ -493 

(K)



The magnetic moment of an ion is represented by the expression m  = - (L + 2S)µB/! 

The Zeeman Hamiltonian for the magnetic moment in a field B along ez is H Zeeman = –m.B

   H Zeeman =  (µB/!)(Lz + 2Sz)Bz

For a particular J-multiplet  the matrix elements of L + 2S are proportional to those of J (Wigner 
Eckart theorem)

 〈LSJMJ| L + 2S |LSJMJ〉 = gJ〈LSJMJ| J |LSJMJ〉   gJ is the Landé g-factor

 (L + 2S) = gJJ

 mz = gJJzµB/! 

       H Zeeman =  gJJzB(µB/!)

 H ZeemanψLSJM =  gJ µB MJB ψLSJM

2S+1LJ

 

MJ = J

MJ =-J

Zeeman Interaction 
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L

SJ

m

z

S

The vector model of the atom, including 
magnetic moments. First project m onto J.        
J then precesses around z.

The g-factor for the atom or ion is the ratio of 
the component of magnetic moment along J in 
units of µB to the magnitude of the angular 
momentum in units of !.
gJJ = (L + 2S)  Take scalar product with J
gJ = -(m.J/µB)/(J2/!)  = -m.J(!/µB)/[(J(J + 1)]
 

but     m.J = -(µB/!){(L + 2S).(L + S)}
 -(µB/!){(L2 + 3L.S + 2S2)}
 -(µB/!){(L2 + 2S2 + (3/2)(J2 - L2 - S2)}  since J2 = L2 + S2 

 + 2 L.S 

 -(µB/!){((3/2)J2 – (1/2)L2 + (1/2)S2)}
 -(µB/!){((3/2)J(J + 1) – (1/2)L(L + 1) + (1/2)S(S + 1)}

hence
g = 3/2 + {S(S+1) - L(L+1)}/2J(J+1)   Check; gS = 2  , gL=1

                      J2 = J(J + 1)! 2;        Jz = MJ! 

Landé g-factor 
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Co2+ free ion 
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4. Paramagnetism
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Paramagnetic susceptibility -  Brillouin theory 

Curie law X = C / T 
C is Curie’s constant.
Units: Kelvin, K.
Typical values ~ 1K

The thermodynamic average of the moment: 

B = Bz 
E = - m.B  

⇒ 

Using the identities: 

and the fact that     X = n〈m 〉/H 

we find 

(n is the number density of atoms/ions)

X = µ0nmeff
2µB

2 / 3kBT
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Energy levels of an ion with J = 5/2 in an applied field 
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4f ions 

J is a good quantum number ESM Cluj 2015



3d ions 

S is a good quantum number 
          L is ‘quenched’ 
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Magnetization curve -  Brillouin theory 

To calculate the complete magnetization curve, set y = gµBµ0H/kBT,
then
     〈m 〉 = gµB∂/∂y[lnΣ-J

J exp{MJy}  [d(ln z)/dy = (1/z) dz/dy]

The sum over the energy levels must be evaluated; it can be written as
exp(Jy) {1 + r + r2 + .........r2J} where r = exp{-y}

The sum of a geometric progression (1 + r + r2+ .... + rn) = (rn+1 - 1)/(r - 1)
 
∴  Σ-J

J exp{MJy} = (exp{-(2J+1)y} - 1)exp{Jy}/(exp{-y}-1)

multiply top and bottom by exp{y/2}
             = [sinh(2J+1)y/2]/[sinh y/2]

             〈m 〉    =  gµB(∂/∂y)ln{[sinh(2J+1)y/2]/[sinh y/2]}
                       =  gµB/2 {(2J+1)coth(2J+1)y/2 - coth y/2}
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Paramagnetism -  Brillouin theory 

setting x = Jy, we obtain 

where BJ(x) is the Brillouin function { } 

This reduces to 〈m 〉 = µB tanh(x) in the limit J = ½, g = 2.
and 〈m 〉 = L(x) is the Langevin function {coth x - 1/x} in the large-J limit.
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Comparison of the Brillouin functions for s = ½,  J = 2 and the Langevin function (J = ∞) 

x = g JµBB/kBT
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Magnetization curves for paramagnetic ions 



Reduced magnetization curves of three paramagnetic salts, compared with Brillouin 
function predictions
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Experimental confirmation 



5. Crystal field
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♦  Filled electronic shells are not magnetic (the spins are paired; ms = ±1/2)
♦  Only partly-filled shells may possess a magnetic moment
♦  The magnetic moment is given by m = gJµBJ, where !J represents the total angular 

momentum. For a given configuration the values of J and gj in the ground state are given by 
Hund’s rules

——✻✻★✻✻——

When the ion is embedded in a solid, the crystal field interaction is important. This is the 
electrostatic Coulomb interaction of an ion with its surroundings.
The third point is modified:

♦ Orbital angular momentum for 3d ions is quenched. The spin only moment is m  ≈ gµBS, 
with g = 2.
♦ Magnetocrystalline anisotropy appears, making certain crystallographic axes easy directions 
of magnetization.

Summary – so far 
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The Hamiltonian is now

H  = H 0 + H so+ H cf+ H Z 

 Typical magnitudes of energy terms (in K) 

H 0 H so H cf H Z  in 1 T 

3d 1 - 5 104 102 -103  104 1 

4f 1 - 6 105 1 - 5 103 ≈3 102 1 

H so must be considered before H cf for 4f ions, and the converse for 3d ions. Hence J is a 
good quantum number for 4f ions, but S is a good quantum number for 3d ions. The 4f 
electrons are generally localized, and 3d electrons are localized in oxides and other ionic 
compounds.  

Magnitudes of the interactions 



Hi = H0   + Hso + Hcf   + HZ 

Coulomb interactions |L,S〉 

spin-orbit interaction ΛL.S  |J〉 

Zeeman interaction gµBB.J/ħ   |MJ〉 ion Λ

3d1 Ti3+  124 
3d2 Ti2+    88 
3d3 V2+    82 
3d4 Cr2+    85 
3d6 Fe2+ -164 
3d7 Co2+ -272 
3d8 Ni2+ -493 

4f1 Ce3+   920 
4f2 Pr3+   540 
4f3 Nd3+   430 
4f5 Sm3+   350 
4f8 Tb3+  -410 
4f9 Dy3+  -550 
4f10 Ho3+  -780 
4f11 Er3+ -1170 
4f12 Tm3+ -1900 
4f13 Yb3+ -4140 

H 0 H so H cf H Z   
in 1 T 

3d 1 - 5 104 102 -103  104 1 

4f 1 - 6 105 1 - 5 103 ≈3 102 1 

Crystal field interaction ∫ρ0(r)ϕcf(r)d3r 

Magnitudes of the interactions 



Co2+ 

      Co0              Gd       

Gd                               Co Gd                               Co

As metallic atoms or 
ions the transition 
metals occupy one 
third of the volume of 
the rare earths. 

Gd3+ (105 pm) 
(75 pm) 

3d and 4f compared 
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Roct = (21/2 -1)rO = 58 pm Rtet = ((3/2)1/2 - 1)rO   =  32 pm

Oxides

Oxides are usually 
insulating. 
Structures are 
based on dense-
packed O2- arrays, 
with cations in 
interstitial sites.

Octahedral and 
tetrahedral sites 
are common in 
transition metal 
oxides and other 
compounds. 

Both have cubic 
symmetry if  
undistorted 
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4-fold 
tetrahedral 

pm 6-fold 
octahedral 

pm 6-fold 
octahedral 

pm 12-fold 
substitutional 

pm 

Mg2+ 53 Cr4+  3d2 55 Ti3+ 3d1 67 Ca2+ 134 

Zn2+ 60 Mn4+ 3d3 53 V3+  3d2 64 Sr2+ 144 

Al3+ 42 Cr3+ 3d3 62 Ba2+ 161 

Fe3+  3d5 52 Mn2+ 3d5 83 Mn3+ 3d4 65 Pb2+ 149 

Fe2+   3d6 78 (61) Fe3+  3d5 64 Y3+ 119 

Co2+ 3d7 75 (65) Co3+ 3d6 61 (56) La3+ 136 

Ni2+  3d8 69 Ni3+  3d7 60 Gd3+ 122 

Cation radii in oxides: low spin values are in parentheses.

The radius of the O2- anion is 140 pm
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To demonstrate quenching of orbital angular momentum, consider the 2p states ψ0, ψ1, ψ-1  

corresponding to l = 1, ml = 0, ±1. 
ψ0 = R(r) cos θ
ψ±1 = R(r) sin θ exp {±ιφ}

The functions are eigenstates in the central potential V (r) but they are not eigenstates of Hcf. Suppose 
the oxygens can be represented by point charges q at their centres, then for the octahedron,

 H cf = Vcf = D(x4 +y4 +z4 - 3y2z2 -3z2x2 -3x2y2)
where D ≈ eq/4πεoa6. But ψ±1  are not eigenfunctions of Vcf,  e.g. ∫ψi

*VcfψjdV≠ δij, where i,j = -1, 0, 1.
We seek linear combinations that are eigenfunctions, namely

  ψ0        = R(r) cos θ  = zR(r) = pz
(1/√2)(ψ1 + ψ-1)= R’(r)sinθcosφ = yR(r) = py
(1/√2)(ψ1  - ψ-1)= R’(r)sinθsinφ          = xR(r) = px

q

,,X Y Z ,,X Y Z ,,X Y Z

z 

θ 
r 

φ y 
x 

Orbital moment quenching is a cubic crystal field 
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The 2p eigenfunctions are degenerate in an undistorted cubic environment

  ψ0        = R(r) cos θ  = zR(r)  = pz
(1/√2)(ψ1 + ψ-1) = R’(r)sinθcosφ  = yR(r) = px
(1/√2)(ψ1  - ψ-1) = R’(r)sinθsinφ = xR(r) = py

Note that the z-component of angular momentum; lz = i!/∂φ is zero for these wavefunctions. 
Hence the orbital angular momentum is quenched.

The same is true of the 3d eigenfunctions, which are

dxy = (1/√2)(ψ2 - ψ-2) = R’(r)sin2θsin2φ ≈  xyR(r) 
dyz = (1/√2)(ψ1 - ψ-1) = R’(r)sinθcosθsinφ ≈  yzR(r)                  t2g orbitals
dzx = (1/√2)(ψ1 + ψ-1) = R’(r)sinθcosθcosφ ≈  zxR(r)
dx

2
-y

2 = (1/√2)(ψ2 + ψ-2) = R’(r)sin2θcos2φ ≈  (x2-y2)R(r)   eg orbitals
d3z

2
-r

2 = ψ0 = R’(r)(3cos2θ - 1) ≈  (3z2-r2)R(r) 
 
The 3d eigenfunctions split into a set of three and a set of two in an undistorted cubic environment

Notation; a or b denote a nondegenerate single-electron orbital, e a twofold degenerate orbital and t a threefold degenerate orbital. Capital letters refer to multi-
electron states. a, A are nondegenerate and symmetric with respect to the principal axis of symmetry (the sign of the wavefunction is unchanged), b. B are 
antisymmetric with respect to the principal axis (the sign of the wavefunction changes). Subscripts g and u indicate whether the wavefunction is symmetric or 
antisymmetric under inversion. 1 refers to mirror planes parallel to a symmetry axis, 2 refers to diagonal mirror planes.
 

q

x y, px py pz 

dxy dyz dzx 

d x2-y2 , d z 2 

y x 

z 



n =1
l = 0 s orbital

n =2
l = 1 p orbitals

n =3
 l = 2 d orbitals

t2g 

eg 

Orbitals in a cubic crystal field 

ESM Cluj 2015 



y
x

z

y
x

z

y
x

z

y
x

z

y
x

z
2p

3d

4s

t2g

eg

dσ

dπ

cf splitting

hybridization

Orbitals in the crystal  field 
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Crystal-field theory regards the splitting of the 3d orbitals in octahedral oxygen, for example, as 
an electrostatic interaction with neighbouring point charges (oxygen anions). In reality the 3d 
and 2p orbitals of oxygen overlap to form a partially covalent bond. The oxygens bonding to the 
3d metals are the ligands. The overlap is greater for the eg than the t2g orbitals in octahedral 
coordination.
The overlap leads to mixed wavefunctions, producing bonding and antibonding orbitals, whose 
splitting increases with overlap. The hybridized orbitals are

    φ = αψ2p+βψ3d 
where α2 + β2 = 1.
For 3d ions the splitting is usually 1- 2eV, with the ionic and covalent contributions being of 
comparable magnitude
 
The spectrochemical series is the sequence of ligands in order of effectiveness at producing 
crystal/ligand field splitting.

Br-<Cl-<F-<OH-<CO2-
3<O2-<H2O<NH3<SO2-

3<NO-
2<S2-<CN-

The bond is mostly ionic at the beginning of the series and covalent at the end.

Covalency is stronger in tetrahedral coordination but the crystal field splitting is
Δtet = (3/5)Δoct
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σ-bond

π-bond

+

+

+
+

+

+

+

+

+

+

+

–

–

–

––

–

–

–

–
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One-electron energy diagrams 
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Lower symmetry 
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The Jahn-Teller effect 

• A system with a single electron 
(or hole) in a degenerate level 
will tend to distort spontaneously. 
 
• The effect is particularly strong 
for d4 and d9 ions in octahedral 
symmetry (Mn3+, Cu2+) which can 
lower their energy by distorting 
the crystal environment- this is 
the Jahn-Teller effect. 
• If the local strain is ε, the energy 
change is 

 δE = -Aε + Bε2. 
 where the first term is the crystal 
field stabilization energy and the 
second term is the increased 
elastic energy. 
 
• The Jahn-Teller distortion may 
be static or dynamic.  
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High and low spin states 
An ion is in a high spin state or a low spin state depending on whether the Coulomb interaction UH 
leading to Hund’s first rule (maximize S) is greater than or less than the crystal field splitting Δcf. 

Δcf. 

Δcf. 

UH > Δcf. UH < Δcf. 
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Crystal Field Hamiltonian

Charge distribution of the ion potential created by the crystal

structural parameters ESM Cluj 2015



The approximation made so far is terrible.It ignores the screening of the potential by the outer 
shells of the 4f ion for example, and also the covalent contribution. But it captures the 
symmetry of the problem. We proceed with it, but treat the crystal field coefficients as empirical 
parameters.

It is useful to expand the charge distribution of a central 4f ion in terms of the 2n-pole 
moments of the charge distribution, n = 2, 4, 6

The quadrupole moment

The hexadecapole moment

The 64-pole moment 

Rare earth 
quadrupole 
moments 
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Single-ion anisotropy

Single-ion anisotropy is due to the electrostatic crystal field interaction + spin-orbit 
interaction. The 4f charge distribution ρ0 (r) interacts with the crystal field potential 
ϕcf(r) to stabilizes some particular orbitals; spin-orbit interaction -ΛL.S then leads to 
magnetic moment alignment along some specific directions in the crystal.

The leading term in the crystal field interaction is

where A2
0 is the uniaxial second-order crystal field parameter, which described the 

electric field gradient created by the crystal which interacts with the 4f quadrupole 
moment.   Compare εa = K1sin2θ
The crystal field interaction can be expressed in terms of angular momentum 
operators, using the Wigner-Eckart theorem

 

Stevens 
operatorscf coefficient



Here       and θn is different for each 4f ion, proportional to the 2n-pole 
moment

Q2 = 2 θ2〈r4f
2〉  Q4 = 8 θ4〈r4f

4〉  Q6 = 16 θ6〈r4f
6〉 

An
m ~ γnm parameterises the crystal field produced by the lattice.   

NB.  Q2 ≠ 0 for J (or L) ≥ 1

Q4 ≠ 0 for J (or L) ≥ 2

Q6 ≠ 0 for J (or L) ≥ 3 

The Stevens operators are tabulated, as well as which ones feature in each point 
symmetry

e.g. The leading term in any uniaxial site is the one in O2
0

The complete second order (uniaxial) cf Hamiltonian is
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125 4.4 Ions in solids; crystal-field interactions

Table 4.10. Data on the rare-earth ions. The operators Ô
0
n are evaluated at T = 0 K , where J z = J

θ 2 θ 2⟨r2⟩O0
2 θ 4 θ 4⟨r4⟩O0

4 θ 6 θ 6⟨r6⟩O0
6

J (10−2) a2
0 (10−4) a4

0 (10−6) a6
0 G γ s Cmol

Ce3+ 5/2 −5.714 −0.748 63.5 1.51 0.18 −1/3 8.0
Pr3+ 4 −2.101 −0.713 −7.346 −2.12 60.99 5.89 0.80 −1/2 16.0
Nd3+ 9/2 −0.643 −0.258 −2.911 −1.28 −37.99 −8.63 1.84 −1/4 16.4
Sm3+ 5/2 4.127 0.398 25.012 0.34 4.46 −5 0.9
Gd3+ 7/2 − 15.75 1 78.8
Tb3+ 6 −1.010 −0.548 1.224 1.20 −1.12 −1.28 10.50 2/3 118.2
Dy3+ 15/2 −0.635 −0.521 −0.592 −1.46 1.04 5.64 7.08 1/2 141.7
Ho3+ 8 −0.222 −0.199 −0.333 −1.00 −1.29 −10.03 4.50 2/5 140.7
Er3+ 15/2 0.254 0.190 0.444 0.92 2.07 8.98 2.55 1/3 114.8
Tm3+ 6 1.010 0.454 1.633 1.14 −5.61 −4.05 1.17 2/7 71.5
Yb3+ 7/2 3.175 0.435 −17.316 −0.79 1.48 0.73 0.29 1/4 25.7

lowest, and the susceptibility in a magnetic field applied along the crystal-field
axis is given by (4.14). If D is positive, the MJ = 0 singlet is the ground state.
The crystal field appears to have destroyed the moment. The initial suscepti-
bility is zero, although the induced moment increases quadratically with field.
However, when the magnetic field is applied perpendicular to the crystal-field
axis, there is a large susceptibility. What this means is that there is an easy axis
of magnetization in the first case, but an easy plane in the second.

A2
0 < 0

A2
0 > 0

Examples of atomic
configurations that produce
positive and negative
electric field gradients at
the central site.

Single-ion anisotropy is the major source of anisotropy in hard ferromagnetic
materials. The tendency for the magnetic moment to lie along specific crystal
axes generally makes the susceptibility a tensor rather than a scalar quantity.
There are three principal axes, for which the induced moment lies parallel to
the applied magnetic field.

In general, the details of the response of the system to an applied field
are obtained by diagonalizing the Hamiltonian Hcf + Hz, and evaluating ⟨m⟩
from (4.11). In a series of isostructural rare-earth metals or compounds, Am

n is
roughly constant. The leading term in the anisotropy just depends on the product
of A0

2 and θ2⟨r2
4f ⟩J 2

z for the rare-earth in question. Both θ2, and the quadrupole
moment change sign at each quarter-shell filling (Fig. 4.18, Table 4.10). When
A0

2 is positive, ions such as Nd3+, which have a negative quadrupole moment
and an oblate charge distribution, will exhibit easy axis anisotropy, whereas
ions such as Sm3+, which have a positive quadrupole moment and a prolate
charge distribution, will exhibit hard axis anisotropy.

Consider a rare-earth, for which the spin-orbit interaction stabilizes a
(2J + 1)-fold degenerate multiplet |J,MJ ⟩. The crystal field defines the z

axis and splits out the MJ states, subject to Kramers theorem.
In the figure, Sm3+ has a |±5/2⟩ ground state, so the moment has its max-

imum positive or negative projection along Oz, which precesses as indicated
by the vector model. The average moment lies along the z-direction, and



The cf Hamiltonian for a site with cubic symmetry is

For 3d ions only the fourth-order terms exist; (l = 2)

Kramer’s theorem

It follows from time-reversal symmetry that the cf energy levels of any ion with an odd 
number of electrons, and therefore half-integral angular momentum, must be at least 2-fold 
degenerate.  These are the |±MJ〉 Kramers doublets.

When J is integral, ther will be a |0〉 singlet (with no magnetic moment) and a series of 
doublets.
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     Thank you ! 



4 Be
    9.01
 2 + 2s0

     

12Mg
  24.21
 2 + 3s0

     

2 He
  4.00

     

10Ne
  20.18

     

24Cr
 52.00
 3 + 3d3

   312
     

 19K
  38.21
 1 + 4s0

     

11Na
  22.99
 1 + 3s0

     

3 Li
    6.94
 1 + 2s0

     

37Rb
  85.47
 1 + 5s0

     

55Cs
  13.29
 1 + 6s0
     

38 Sr
 87.62
 2 + 5s0

56Ba
 137.3
 2 + 6s0

59Pr
  140.9
  3 + 4f2

1 H
  1.00

     

5 B
  10.81

     

9 F
  19.00

     

17Cl
  35.45

     

35Br
  79.90

     

21Sc
 44.96
 3 + 3d0

     

22Ti
 47.88
 4 + 3d0

     

23V
 50.94
 3 + 3d2

     

26Fe
 55.85
 3 + 3d5

    1043
     

27Co
 58.93
 2 + 3d7

    1390
     

28Ni
 58.69
 2 + 3d8

     629
     

29Cu
 63.55
 2 + 3d9

    

     

30Zn
 65.39
 2 + 3d10

    

     

31Ga
 69.72
 3 + 3d10

    

     

14Si
 28.09
    

     

32Ge
 72.61
    

     

33As
 74.92
    

     

34Se
 78.96
    

     

6 C
  12.01

     

7 N
  14.01

     

15P
 30.97
    

     

16S
 32.07
    

     

18Ar
  39.95
     

39 Y
 88.91
 2 + 4d0

40 Zr
 91.22
 4 + 4d0

41 Nb
 92.91
 5 + 4d0

42 Mo
 95.94
 5 + 4d1

43 Tc
 97.9
 

44 Ru
 101.1
 3 + 4d5

45 Rh
 102.4
 3 + 4d6

46 Pd
 106.4
 2 + 4d8

47 Ag
 107.9
 1 + 4d10

48 Cd
 112.4
 2 + 4d10

49 In
 114.8
 3 + 4d10

50 Sn
 118.7
 4 + 4d10

51 Sb
 121.8
 

52 Te
 127.6

53 I
 126.9

57La
 138.9
 3 + 4f0

72Hf
 178.5
 4 + 5d0

73Ta
 180.9
 5 + 5d0

74W
 183.8
 6 + 5d0

75Re
 186.2
 4 + 5d3

76Os
 190.2
 3 + 5d5

77Ir
 192.2
 4 + 5d5

78Pt
 195.1
 2 + 5d8

79Au
 197.0
 1 + 5d10

61Pm
   145
 

70Yb
 173.0
 3 + 4f13

    

71Lu
 175.0
 3 + 4f14

    

90Th
  232.0
  4 + 5f0
      

91Pa
  231.0
  5 + 5f0
      

92U
  238.0
  4 + 5f2
      

87Fr
  223
 

88Ra
 226.0
 2 + 7s0

89Ac
 227.0
 3 + 5f0

62Sm
  150.4
 3 + 4f5
      105

66Dy
 162.5
 3 + 4f9

179   85

67Ho
 164.9
 3 + 4f10

132   20

68Er
 167.3
 3 + 4f11

 85   20

58Ce
  140.1
  4 + 4f0
      13

Ferromagnet TC > 290K

Antiferromagnet with TN > 290K

8 O
  16.00

    35

     

65Tb
  158.9
  3 + 4f8

229  221

64Gd
  157.3
 3 + 4f7

    292

63Eu
  152.0
  2 + 4f7

     90

60Nd
  144.2
  3 + 4f3

     19

66Dy
 162.5
 3 + 4f9

179   85

Atomic symbolAtomic Number

Typical ionic change
Atomic weight

Antiferromagnetic  TN(K) Ferromagnetic  TC(K)

Antiferromagnet/Ferromagnet with TN/TC < 290 K

 Metal

 Radioactive

Magnetic Periodic Table

80Hg
 200.6
 2 + 5d10

93Np
  238.0
  5 + 5f2
      

94Pu
   244

      

95Am
   243

      

96Cm
   247

      

97Bk
   247

      

98Cf
   251

      

99Es
   252

      

100Fm
     257

      

101Md
     258

      

102No
     259

      

103Lr
     260

      

36Kr
 83.80
    

     

54Xe
 83.80
    

     

81Tl
 204.4
 3 + 5d10

82Pb
 207.2
 4 + 5d10

83Bi
 209.0
 

84Po
  209
 

85At
  210
 

86Rn
  222
 

 Nonmetal Diamagnet

Paramagnet

BOLD Magnetic atom 

25Mn
 55.85
 2 + 3d5

      96
     

20Ca
 40.08
 2 + 4s0

     

13Al
 26.98
 3 + 2p6

    

     

69Tm
 168.9
 3 + 4f12

    56
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