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This series of three lectures covers basic concepts in magnetism;
Firstly magnetic moment, magnetization and the two magnetic
fields are presented. Internal and external fields are distinguished.
The main characteristics of ferromagnetic materials are briefly
introduced. Magnetic energy and forces are discussed. Sl units
are explained, and dimensions are given for magnetic, electrical
and other physical properties.

Then the electronic origin of paramagnetism of non-interacting
electrons is calculated in the localized and delocalized limits. The
multi-electron atom is analysed, and the influence of the local
crystalline environment on its paramagnetism is explained.

Assumed is an elementary knowledge of solid state physics,
electromagnetism and quantum mechanics.




Books

Some useful books include:

* ]. M. D. Coey; Magnetism and Magnetic Magnetic Materials. Cambridge University Press (2010) 614 pp
An up to date, comprehensive general text on magnetism. Indispensable!

* Stephen Blundell Magnetism in Condensed Matter, Oxford 2001

A good treatment of the basics.

* D. C.Jilles An Introduction to Magnetism and Magnetic Magnetic Materials, Magnetic Sensors and
Magnetometers, CRC Press 480 pp

* ]. D. Jackson Classical Electrodynamics 3™ ed, Wiley, New York 1998

A classic textbook, written in Sl units.

* G. Bertotti, Hysteresis Academic Press, San Diego 2000
A monograph on magnetostatics

* A. Rosencwaig Ferrohydrodynamics, Dover, Mineola 1997
A good account of magnetic energy and forces

- L.D. Landau and E. M. Lifschitz Electrodynamics of Continuous Media Pergammon, Oxford 1989

The definitive text
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1 Introduction
MAGNETISM 2 Magnetostatics

AND MAGNETIC 3 Magnetism of the electron
MATERIALS 4 The many-electron atom

5 Ferromagnetism

Mot 1Y

6 Antiferromagnetism and other magnetic order
7/ Micromagnetism

8 Nanoscale magnetism

9 Magnetic resonance

10 Experimental methods

11 Magnetic materials

12 Soft magnets

13 Hard magnets
14 Spin electronics and magnetic recording

614 pages. Published March 2010 _
15 Other topics

Available from Amazon.co.uk ~€50 : :
Appendices, conversion tables.

www.cambridge.org/9780521816144
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1. Introduction

2013 romanin
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Magnets and magnetization

17.2 A m?

0.03 A m2 -|.|Am2
7

3 mm [0 mm 25 mm

m is the magnetic (dipole) moment of the magnet. It is proportional to volume

/

magnetic moment

m=MV

\ \ Suppose they are made of

volume Nd,Fe,,B
M =~ 1.1 MA m")

magnetization

. L , What are the moments?
Magnetization is the intrinsic property of the material;

Magnetic moment is a property of a particular magnet.
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Magnetic moment - a vector

Each magnet creates a field
around it. This acts on any

material in the vicinity but Nd.Fe B
strongly with another magnet. 27€14
The magnets attract or repel

depending on their mutual ﬁé&g

orientation “ &

:

 ©

T 1 | Weak repulsion

T | | Weak attraction

<— <— | Strong attraction

<— — | Strong repulsion

Y

c

tetragonal
easy axis
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Units

What do the units mean? m

m —A m? /

M—-Am!
Ampere,1821. A current loop or

2 . .
I Am coil is equivalent to a magnet
= mr
g / 10,000 turns
— 1A = Permanent magnets area of the loop 2
24 win over electro-

magnets at small | M = nlA

10,000 A sizes
> number of turns Right-hand corkscrew
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Magnetic field H — Oersted’s discovery

The relation between electric current and magnetic field
was discovered by Hans-Christian Qersted, 1820.

@Hdﬁ =/ | Ampére’s law

H = 1/2nr
—
’ f1=1Ar=1mm
Right-hand corkscrew H=I15Am"!

Earth’ s field = 40 Am"!
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Magnets and currents — Ampere and Arago’s insight

A magnetic moment is equivalent to a current loop.

Provided the current flows in a plane

m
i
m =14
o In general: long solenoid with n
r m =" [rxjr)d3 turns.m = nlA
Space
df =12 rxdl - _ inversion
Where j is the current density; :
Polar -J
I=ja vector
Axial m
Jn=VxM Som=%[rxIdl=I[dA=m vector
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Magnetization curves - Hysteresis loop

spontaneous magnetization Mg

(o

coercivity H,

N

W

major loop

The hysteresis loop shows the irreversible, nonlinear response of a ferromagnet to a
magnetic field . It reflects the arrangement of the magnetization in ferromagnetic domains.
A broad loop like this is typical of a hard or permanent magnet.
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Another Question €ﬂ’$

2015
What is Magnetostatics !
Maxwell’s Equations V.:D=p, Electromagnetism
with no time-
V-B =0, dependence

VXE:M
Vx H = j + 3Pl

In magnetostatics, we have only magnetic material and circulating currents
in conductors, all in a steady state. The fields are produced by the magnets
& the currents

V-j=0 V-B=0 VxH-=]j.
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2. Magnetization

e
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Magnetic Moment and Magnetization

The magnetic moment m is the elementary quantity in solid state magnetism.

Define a local moment density - magnetization — M(r, t) which fluctuates wildly on a sub-
nanometer and a sub-nanosecond scale.
Define a mesoscopic average magnetization

om = MoV M = om/oV

The continuous medium approximation

M can be the spontaneous magnetization M, within a ferromagnetic domain

A macroscopic average magnetization is the domain average

M=3MV/3V.

M (r)

The mesoscopic average magnetization
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Magnetization and current density

The magnetization of a solid is somehow related to a ‘magnetization current density’ J  that
produces it.

Since the magnetization is created by bound currents, fs]m.dA = 0 over any surface.

Using Stokes theorem C_“) M.d¢ = [ (V x M).dA and choosing a path of integration outside
the magnetized body, we obtain fs M.dA = 0, so we can identify J _

J.=VxM

We don’t know the details of the magnetization currents, but we can measure the
mesoscopic average magnetization and the spontaneous magnetization of a sample.
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B and H fields in free space; permeability of free space y,

When illustrating Ampere’s Law we labelled the magnetic field created by the
current, measured in Am-!' as H. This is the ‘magnetic field strength’

Maxwell’s equations have another field, the ‘magnetic flux density’, labelled B, in the
equation V. B = 0. It is a different quantity with different units. Whenever H

interacts with matter, to generate a force, an energy or an emf, a constant p,, the
‘permeability of free space’ is involved.

In free space, the relation between B and H is simple. They are numerically
proportional to each other

B = p,H
m
‘,ﬁ!, B-field SedIY  Hifield

. of free space ,
> Units Tesla, T Units TmA-! Units A m"!

U, depends on the definition of the Amp.
Tesla Itis precisely 4t 107 T m A"!
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Field due to electric currents

We need a differential form of Ampere’s Law; The Biot-Savart Law

B = HT>J g,

4 |r]
ILI:I.H :—#[:IITKEI-E
dr |ré
B
[

Right-hand corkscrew (for the vector product)
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Field due to a small current loop (equivalent to a magnetic moment)

B,=40Bsin&
Ba — 1 Esinf}
N 4sme SH2r -55;’2}’* T mEdaE 2
— ot i © Sl _ Hom
B Bﬂ_ 4_”_?_3_‘ {Il{ B B @E:} BE— 41TT3
A — 1 3
wr
_ Hm
9p = A7 13
'ﬁ‘ C./ So at a general point C, in spherical coordinates:

B.=12 (#ﬂm cosll: By = (Hn“‘

- = sinf; B,
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Field due to a magnetic moment m

oM
43

m
)cos@; By = Ho )sin@; By = 0.

43

B, =2

The Earth’s magnetic field is roughly
that of a geocentric dipole

tan | = B, /By = 2cot0

dr/rd@ = 2cotf

Solutions are
r = c sinZf
The angle of dip.
Equivalent forms
MM , 2 2 _ Mo |ym-nr m
B= 4 rs [3xzex + 3yzey, + (327 —1 )ez] B= A 3 r r?
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Magnetic field due to a moment m; Scaling

Just like the
field of an

electric dipole

What is the average
magnetization of the
Earth ?

lfa=0.0lm,r=2a,M=1 MA m
H, = 2M/lért = 40 kA m-!

Magnet-generated fields just depend
on M.They are scale-independent

Why does magnetism lend itself to
miniaturization ?

\ .A
H, = 2Ma’/4qr
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3. Magnetic Fields

e
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Magnetic flux density - B

Now we discuss the fundamental field in magnetism.

Magnetic poles, analogous to electric charges, do not exist. This truth is expressed in
Maxwell s equation

V.B =0.

This means that the lines of the B-field always form complete loops; they never
start or finish on magnetic charges, the way the electric E-field lines can start and
finish on +ve and -ve electric charges.

The same can be written in integral form over any closed surface S

JsB.dA =0 (Gauss' s law).

The flux of B across a surface is @ = [B.dA. Units are Webers (Wb).
The net flux across any closed surface is zero.
B is known as the flux density; units are Teslas. (T = Wb m-2)

Flux quantum @, = 2.07 10">Wb (Tiny)
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The B-field

Sources of B /\ a;‘<\ /\
f\“ I

¢ electric currents in conductors

: B
* moving charges

* magnetic moments

e time-varying electric fields. (Not in magnetostatics) B = pol/2mur

In a steady state: Maxwell’s equation

VXB = pyj %B-dl=uol |

& & & (Stokes theorem; QP - ;
|

alox aldy 9loz By = -

[(V X A)-edr?=¢§A-dl) ~ 2a
S

Field at center of current loop
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Forces between conductors; Definition of the Amp

F=q(E +vxB)

Lorentz expression. Note the Lorentz force does no work on the charge
Gives dimensions of B and E. [T is equivalent toVsm™']

If E = 0 the force on a straight wire arrying l,
a current I in a uniform field B is F = Bl/

The force between two parallel wires each
carrying one ampere is precisely 2 107 N
m-!. (Definition of the Amp) P

The field at a distance | m from a wire
carrying a current of | Ais 0.2 uT

B = ugl,/2mr

Force per meter = p,l,l,/2mr
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The range of magnitude of B

*The tesla is a very large unit
sLargest continuous field acheived in alabwas 45 T

Q
"] O
o X o
0{@ QOQ’ &
00 ) é’b’ &Q
> 2 e o
® R O . (\q ¢)
> Py R o &
& & R O > W E $
> Py < g O O 0 K QD
A R AV A QS WP 2 &
6‘"’(\ &"9 e}'} o‘Q\ & 7 \°°° @%éc:o{‘b\@oq\& 3 §*
SR & & <&° ® VN Q‘)Q,'\' & K\
I T T I T T I T T I T T I T T I T T I T T I T T I T T I T T I
1E-15 1E-12 1E-9 1E-6 1E-3 1 1000 1E6 1E9 TTIE12 1E15
pT n T MT
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Typical values of B

Human brain | fT Earth 50 uT

| Electromagnet | T .
Magnetar [0'2T Helmholtz coils 0.01 T & Superconducting

magnet 0T
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Sources of uniform magnetic fields

Helmholtz coils Long solenoid

B =uynl

Halbach cylinder

HgA .
- )msﬂ', By = (Eﬂ?‘j) sinf, B.=0

B =u,M In(r,y/r))
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The H-field.

Ampere’s law for the field is free spaceis V x B = uy( j. *+j,,) but j,, cannot be measured !
Only the conduction current j_ is accessible.
We showed on slide 16 that J_ =V x M

Hence V x (B/u,— M) = u, j.

We can retain Ampere’s law is a usable form provided we define H = B/u,— M

Then VxH=yu,j.

And ‘B= wo(H + M) \
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The H-field.

The H-field plays a critical role in condensed matter.
The state of a solid reflects the local value of H.
Hysteresis loops are plotted as M(H)

Unlike B, H is not solenoidal. It has sources and sinks in a magnetic material wherever the
magnetization is nonuniform.

V.H - - V.M
The sources of H (magnetic charge, q,,,,) are distributed

— in the bulk with charge density -V.M

— at the surface with surface charge density M.e,

Coulomb approach to calculate H (in the absence of currents)

Imagine H due to a distribution of magnetic charges g, (units Am) so that

H = g_r/4nr® [just like electrostatics]
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Potentials for B and H

It is convenient to derive a field from a potential, by taking a spatial derivative. For example E
= -Vo,(r) where @.(r) is the electric potential. Any constant ¢, can be added.

For B, we know from Maxwell’ s equations that V.B = 0.There is a vector identity
V. Vx X = 0. Hence, we can derive B(r) from a vector potential A(r) (units Tm),

B(r) =V x A(r)

The gradient of any scalar f can be added to A (a gauge transformation) This is because of
another vector identity VxV.f = 0.

Generally, H(r) cannot be derived from a potential. It satisfies Maxwell’ s equation V x H = j_
+ dD/at. In a static situation, when there are no conduction currents present,V x H = 0, and

H(r) = - Vo, (r)

In these special conditions, it is possible to derive H(r) from a magnetic scalar potential @,
(units A). We can imagine that H is derived from a distribution of magnetic ‘charges’  q,,.
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Relation between B and H in a material

The general relation between B, Hand M is

(B i | e H= Bl m
i N

H
” N y \ 7 A\
H > MOMDHOH |
I I . B mwr»
i | |

& I
IZAIN s

We call the H-field due to a magnet; — stray field outside the magnet

o

—

— demagnetizing field, Hy, inside the magnet
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Boundary conditions

Conditions on the fields It follows from Gauss’ s law

B. JB.dA =0

Medium 1

that the perpendicular component of B is

continuous. (B,- B,).e =0
It follows from from Ampére’ s law

PHAl =1 =0
that the parallel component of H is continuous.
since there are no conduction currents on the
surface. (H,-H,)xe =0

Medium 2

Conditions on the potentials ~ Since [B.dA =¢A.dl (Stoke s theorem)
(AI' AZ) X e,= 0

The scalar potential is continuous ¢, = @,
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Boundary conditions in linear, isotropic homogeneous media

In LIH media, B = uuH
Hence B,e =B,e,
He, = u,/u.,Hye,

So field lies ~ perpendicular to the surface of soft iron but parallel to the surface of a
superconductor.

Diamagnets produce weakly repulsive images.

Paramagnets produce weakly attractive images.

Soft ferromagnetic mirror Z Superconducting mirror
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Field calculations — Volume integration

Integrate over volume distribution of M

Sum over fields produced by each magnetic

.-13}, dipole element Md>r.
Using
M E
ir o |: (m.r)r m}
f B = 3 — —
, : A4 4n o 3
iVs i F
it
i Gives
e é_ St
O
M
o+ ShoM(r)s(r — 1) b

p SM(r).r —7)
B = o | [ -

4

(Last term takes care of divergences at the origin)
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Field calculations — Amperian approach

O Consider bulk and surface current distributions

km“"'}:/ jm=VxM and j..=Mxe,
h"—h—""ﬂ/
ey Biot-Savart law gives
Ny
__i‘:,ﬂ.’: B(r) — g ]{? * M) x(r— f}dar,} ]{J’d K ep) x (r— ﬂfﬁ.«}
4w | — rl® e

For uniform M, the Bulk term is zero since VxM =0
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Field calculations — Coulombian approach

e, Consider bulk and surface magnetic charge distributions
r- r IF;.
@ P, =-V.M and p.. = M.e,

: H field of a small charged volume elementV is

E—r' r

OH = (p_r/4nr’) OV
So
L VM )(r—1) 5, f M.e,(r—r) .,

)= {- [ S [

For a uniform magnetic distribution the first term is zero.
V.M =0
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Hysteresis loop; permanent magnet (hard ferromagnet)

spontaneous magnetization Mg

(o

coercivity H_

N

W

major loop

A broad M(H) loop
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Hysteresis loop; temporary magnet (soft ferromagnet)

AM

M

S

Slope here is the initial
susceptibility x, > |

H

7)\

Applied field

Susceptibility is
defined as x = M/H

A narrow M(H) loop
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Paramagnets and diamagnets; antiferromagnets.

Only a few elements and alloys are ferromagnetic. (See the magnetic periodic table).
The atomic moments in a ferromagnet order spontaneosly parallel to eachother.

Most have no spontaneous magnetization, and they show only a very weak response

to a magnetic field.

A M

paramagnet

_
Here [x| << I >— —>

v is 104 - 106

A few elements and oxides are
antiferromagnetic. The atomic
moments order spontaneously
antiparallel to eachother.

diamagnet
aRe8 9908
HODD DHDD Ordered T< T,
@@@@ @@@@
@O®
%%%% Disordered T > T_
®EA®@

v

aramagnetic
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:] Nonmetal

) Metal
Radioactive

:] Diamagnet
S Paramagnet
Magnetic atom

- Ferromagnet T > 290K
D Antiferromagnet with Ty, > 290K

G Antiferromagnet/Ferromagnet with T\/T; <290 K

L] L] n
H ) Magnetic Periodic Table 2He )
1.00 4.00
, re)
Atomic Number —{66) ;
T < Atomic symbol / 2\ % & 2. T
SLi |“Be o 1625 f«— Atomic weight SB [°C |’N 12O [°F |"™Ne
6.94 9.01 Typical ionic change  —>{ 3 + 47 10.81 | 12.01 | 1401 | 1600 | 19.00 | 20.18
1+2s0 | 2+2s° Antiferromagnetic Ty(K) —>\_E1—Ferromagnetic To(K)
> < < \ A A A 2 Y
""Na ['2Mg (3A1 Y14Si (5P Y'6S  (17Cl V'8Ar
22.99 24.21 26.98 28.09 30.97 32.07 35.45 39.95
1+3s0 | 2+3s0 3 +2pb
\ & ¢ \ y, A \ A <5 Y
19K Y20Ca 12'Sc 122Ti Y23v [ 25Mn 29Cu 139Zn 3'Ga 132Ge [33As [34Se (35Br [36Kr
38.21 40.08 44.96 47.88 50.94 55.85 . 58.93 65.39 69.72 72.61 74.92 78.96 79.90 83.80
1+4s0 | 2+4s0 |3+3d° |4+3d° | 3+3c? 2+3d5 [REIRT VR 2+3d"0 | 3+3d'°
TR ey (T TN e T T S T T B
S’Rb 138 Sr122Y Y140 Zr 14" NbJ*2 Mol 48 Cdl* In 1°° SN P! Sb 52 Te 3 | 4Xe
85.47 87.62 88.91 91.22 92.91 95.94 . 1124 114.8 118.7 121.8 127.6 126.9 83.80
1+5s0 | 2+58° |2+4d° |4+4d° |5+4d° |5+4d 14400 | 2+4d0 |3+4d0 |4 +4d"0
\ A A A A A A <> A
55Cs [56Ba [5’La [72Hf [3Ta ["“W |"5Re ]76Os |”’Ir (8Pt |7°Au |8°H
1329 | 1373 | 1389 |[1785 | 1809 | 1838 |1862 | 1902 192.2 | 195.1 197.0 | 200.6
1+6s0 | 2+6s% |3+4f 4"*;___5d° 5+50d° | 6+5d° |4+5d° |3+5d° |4+5d° |2+5a8 |1+5d"0 |2+5d"°
\ A A A A A A /
(7Fr [¥Ra [3°Ac
223 226.0 227.0
24780 |3+5F - 2 4 N G 7 Y711 1 )
L %8Ce [°°Pr [°°Nd |%Pm [62Sm [3Eu [&clcH%°Tb 59Tm [’°Yb ["'Lu
140.1 140.9 144.2 1 150.4 168.9 173.0 175.0
4 +4f° 3+4f 3+4Ff 3+4f12 | 3+4f3
A
) & S
9Th [°'"Pa [°2U 93Np
232.0 231.0 238.0 238.0
| 4+5° | 5+50 | 4+5F | 5+5F
AN
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Susceptibilities of the elements

105 —
*Gd
& 1 Th
10 -.-D
o2
- Fr
107 -+ TEYSTm
Pr.af o
10—& 4 -'D Cem - o A
: Sayoun e oPa "
= 109 + Ts:h'f:}r ‘“r"-.- -rl-ll: ola ® e * ot -
= - Ca st Mo g RN Hf® gm Re ™
s Na -0, - Ca W
2 10101 ar Al Tk - *pa o, "I
] Rk Lu
§ Li Mg ®os
o 10—+ Paramagnetic
L;';U "J\-" , , , . Atomic number |
T i T T |
= 10 1"'1 j‘"‘" 20 40 60 80 100
- " TeHe
C . . .
eoH g ®Si Cum @ AS Diamagnetic
TN ®Ne s Zne® Co Cd "
1010+ ?Ar Gam K Ages T, " ePb
PTGl ségr Kr Sne wee X H @
r In*-E [ T
) B =
109 - ..
-C.a. .
-10% L
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Magnetic fields - Internal and applied fields

In ALL these materials, the H-field acting inside the material is not the one you apply.
These are not the same. If they were, any applied field would instantly saturate the

magnetization of a ferromagnet when x > I.
A

Consider a thin film of iron. M

iron

S

[~
Field applie

|| to film
N

Field applied
1 to film
/
l S
M

S

substrate

 H=H’ +H,

Internal field /
External field

Demagnetizing field

M.= 1.72 MAm"!

ESM Cluj 2015



Demagnetizing field in a material - H,

The demagnetizing field depends on the shape of the sample and the direction of
magnetization.

For simple uniformly-magnetized shapes (ellipsoids of revolution) the demagnetizing
field is related to the magnetization by a proportionality factor V' known as the
demagnetizing factor. The value of V" can never exceed |, nor can it be less than 0.

Hd='NM

More generally, this is a tensor relation. Vis then a 3 x 3 matrix, with trace |.That is

NN+ N, =1

Note that the internal field H is always less than the applied field H' since

H=H - VM
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Demagnetizing factor /A for special shapes.

Shapes N =0 N =1/3 N =1/2 N =1

H#
H

v
@)

o
H

I
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The shape barrier

N <0.1

Daniel Bernouilli Shen Kwa 1060

1743

Gowind Knight 1760

T. Mishima
1931

N =0.5
New icon for permanent magnets! =
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The shape barrier ovecome !

Hd =- VM working AM (Am-l)
point MS\A ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
— AN
Y% M, -
Ty &
N\
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Demagnetizing factors /V, for a general ellipsoid.

- ,;-{”?
2 Y
Dﬁ\.} S mﬂaq&h q:.P
s 45 F P Calculate from analytial
- =l A = o N | L L 4 o formulae
(1 -is" —
04 L == K J . WX + M + M - I
g?-l- -:,,-r — ’._ Nx—ll"ﬂ
P os : —?--_' : kg%,
. X ﬁ"ﬂ' o '
H..r--"llfa'na_r. -_.1;‘ ’l"r
0.2 co- =
0. == == X X =
208 - S
f % <
- - ] . ‘?!} -
L8 % Ly SN
+ u‘ﬁ# r.'.Il ﬁi s 'ﬁw 3::.
% P
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Other shapes cannot be unoformly magnetized..

f-r..-.l.l..Tl.alnl..l.-lllI\\.
.-.Ip._llr.—.l..ll...-llnlu.-..i.\...

!.”..:!f T, T, T, S e g g

L N - - — g e ™
// > 1{.{/

— Pl e
l.lll
l.“ull e e e e e e
—
—

\

— — —— .
—
— —
S — — —— e —————
—
— .‘.Ii.!.l.-.l.l... - i
\ L —
_.__..._...l.lln.l-.. A..ll.-v-lu - U — P — — —
\ — h..ln.h..l..l\\ g e — U — S
\ I\...l.\... P P — e, e, T,
___,l.\-. l..\\ll\
L l\\..h..\\ - e g— — e
i\\. T A e — — . W
..\..\....\-

e e p— iy, B, T

When measuring the magnetization of a sample H is always
M = M(H).

taken as the independent variable,
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Paramagnetic and ferromagnetic responses

Susceptibility of linear, isotropic and homogeneous (LIH) materials

M=yy"H’ x  is external susceptibility (no units)

It follows that from H = H™ + H, that

ER A%

Typical paramagnets and diamagnets: =y  (10®° to 103)

Paramagnets close to the Curie point and ferromagnets:

v >>x 7 divergesasT —T. buty never exceeds |/ N

M\ M\

O

H ,
M3 H H
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Demagnetizing correction to M(H) and B(H) loops.

M M M

Load
“\_ Line

Working\
H point

N

\\\ BHC
N
.

)/ =0 o) | A=t 2 e

The B(H) loop is deduced from M(H) using B = u,(H + M).

ESM Cluj 2015



Permeability

In LIH media

Relative permeability is defined as

B = uy(H + M)

B=uH

gives

defines the permeability y = Units: TA"'m

Hr=M/MO

w=1+x
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4. Energy and forces

s
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Energy of ferromagnetic bodies

Torque and potential energy of a dipole in a field, assumed to be constant.

I'=mxB =-m.B Jﬁ/
B m
I'= mB sin0. € =-mB cos0.
Force

In a non-uniform field, f=-V¢&_. | f=m.VB

* Magnetostatic (dipole-dipole) forces are long-ranged, but weak. They determine the magnetic
microstructure (domains).

o 2u,H?is the energy density associated with a magnetic field H
M=1MAm' uH,=IThence uyHM = 10® ] m-3

* Products B.H, B.M, y,H? u,M? are all energies per unit volume.

* Magnetic forces do no work on moving charges f = g(v x B) [Lorentz force]

* No potential energy associated with the magnetic force.
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Reciprocity theorem

The interaction of a pair of dipoles, €, can be considered as the energy
of m, in the field B,, created by m, at r, or vice versa.

gP - -m|.Bz| - 'mzoB|2

So &, = -(1/2)(m,.B+ m,.B,,)

Extending to magnetization distributions:
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Self Energy

The interaction of the body with the field it creates. H ..

Consider the energy to bring a small moment om into position within the

magnetized body

0E = - Uy om.H Hloc=Hd+(|/3)M

loc

Integration over the whole sample gives

1

L .
£=—3 fﬁulld.ﬂfld*r — 7 prM'cﬁ".

The magnetostatic self energy is defined as

Em = €+ (1/6) [ po Mdr

Or equivalently, using B = n,(H + M) and [ B.H d°*r=0

1
E\.-r" — ‘_} \/\;IGH‘E&S?"

'

) . . . Em = c_.ll:"[f_lll-';.,.l"'l."d-}lf:,
For a uniformly magnetized ellipsoid E
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Energy associated with a field

General expression for the energy associated with a magnetic field distribution

1 2
£ = E[ﬁJ,L—,H'da-r.

Aim to maximize energy associated with the field created around the magnet,
from previous slide:

] ]
5 ]%Hﬁd% = —= / o H g M dPr.
= 'l.-'

=

Can rewrite as:
1 y 1 - 1 .
5 f o H3d%r = — 5 / po Hid%r — 5 f Lo M H gd®r,

] i &

where we want to maximize the integral on the left.

Energy product: twice the energy stored in the stray field of the magnet

-to ). B.H d?r
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Work done by an external field

Elemental work 0 Wto produce a flux change 0@ is [ 0D
Ampere: [H.dl=1 Sodw=[dd H.dI

So in general: Sw=[OB.H.d%
H=H+H, B = u,(H + M)

Subtract the term associated with the H-field in empty space, to give the
work done on the body by the external field;

S’ = [ (H.OB — pu H.H ) d%.
Sw’ = g U S(H.H g)d*r + fHdéFHddfar + fH.&MdEr]

duw' = de,, + Ho ffi.-rjM dr.

1 _
dey,m = — 5Ho f (H 4.0 M + M.GH g)d*r,
gives dw' = py f H.SM dr.

dem = — g / H 4.0M d°r,
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Thermodynamics

First law:  dU = H,dX + dQ (U,Q, F, G are in units of Jm™3)

dQ = TdS M

Four thermodynamic potentials; ~ Feoe—seaor-—2
e =i
U(Xx.S) /

E(Hx.5) //

- AF

FX,T) =U-TS dF = HdX - SdT
G(H,,T) = F- HyX dG = -XdH - SdT

e

> 2
Magnetic work is HOB or u,H’ oM " ,
S = (dGIdT),  uyM = -(3GIH "),

dF = ugH’dM - SdT
dG = -u,MdH" - SdT Maxwell relations

(0S/0H" )1 = - uy(0M/T),, etc.
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Magnetostatic forces

Force density on a magnetized body at constant temperature

F=-VG
Fon = VikH'-M) V(H'.M) = (H'.V)M + (M.V)H'
Kelvin force Fm = pu(M.V)H

General expression, for when M is dependent on H is

H raMu
: 1H | + wu (M.VH.
L‘ ( -C?U )H‘Tf :| #ﬂ{ :I

Fon = —tgV

V =1/d dis the density
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Anisotropy - shape

The energy of the system increases when the
magnetization deviates by an angle 0 from its easy axis.

E =Ksin20

The anisotropy may be due to shape.The energy of the
magnet in the demagnetizing field is -(1/2)u,mH,

For shape anisotropy K, = (1/4)u,M?*(l - 3N)
For example,if M = | MAm'!, A= 1, K, =630 k] m-3

e.g. if a thin film is to have its magnetization perpendicular to the plane, there
must be a stronger intrinsic magnetocrystalline anisotropy K;.
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Polarization and anisotropy field

Engineers often quote the polarization of a magnetic material, rather than its
magnetization. The relation is simple; | = u,M.

For example, the polarization of iron is 2.15 T; Its magnetization is 1.71 MA m"!

The defining relation is then: B=u,H+J

The anisotropy of whatever origin may be represented by an effective magnetic
field, the anisotropy field H,

H, = 2K/u M,

The coercivity can never exceed the anisotropy field. In practice it is rarely
possible to obtain coercivity greater than about 25 % of H.. Coercivity depends on
the microsctructure, and the ability to impede fprmation of reversed domains

Sometimes anisotropy field is quoted in Tesla. B, = u,H,.
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Some expressions involving B

F=q(E+vxB) Forceon acharged particle g

F=B I/ Force on current-carrying wire

F=-dd/dt  Faraday s law of electromagnetic induction
E=-m.B Energy of a magnetic moment

F= Vm.B Force ona magnetic moment

I'=mx B Torque on a magnetic moment
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5. Units

i3

2013 romanin
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A note on units:

Magnetism is an experimental science, and it is important to be able to
calculate numerical values of the physical quantities involved. There is a
strong case to use S| consistently

» Sl units relate to the practical units of electricity measured on the
multimeter and the oscilloscope

> It is possible to check the dimensions of any expression by
inspection.

» They are almost universally used in teaching

» Units of B, H, ® or d®/dt have been introduced.

BUT

Most literature still uses cgs units,You need to understand them too.
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S| / cgs conversions:

S| units

B = Ho(H + M)
m A m?
M A m-! (103 emu cc)
o A m?kg"! (I emug)
H Am' (411/1000 = 0.0125 Qe)
B Tesla (10000 G)
() Weber (Tm?) (108 Mw)
dd/de V (108 Mw s-')
X - (41T cgs)

cgs units
B =H +41TM
emu
emu cc’! (I kKAmY)
emu g/ (I A m2kg')
Oersted  (1000/41T = 80 A m"')
Gauss (1047)
Maxwell (G cm?) (10 Wb)
Mw s-! (10 nV)
_ (1/41r Sl)
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Mechanical

Quantity Symbol  Unit m ) t i 0
Area A m? 0 2 0O 0 0
Volume 1% m> 0 3 0 0 0
Velocity v ms~! 0 1 -1 0 0
Acceleration a m s 0 1 -2 0 0
Density d kg m~3 1 -3 0O 0 0
Energy € J 1 2 —2 0 0
Momentum p kgms™! 1 1 -1 0 0
Angular momentum L kg m? s~ 1 2 -1 0 0
Moment of inertia I kg m? 1 2 0O 0 0
Force f N 1 1 —2 0 0
Force density F Nm™ 1 -2 =2 0 0
Power P W 1 2 —3 0 0
Pressure P Pa 1 —1 —2 0 0
Stress o Nm™— 1 -1 -2 0 0
Elastic modulus K Nm™ 1 —1 -2 0 0
Frequency f s~ ! 0 0O -1 0 0
Diffusion coefficient D m?s~! 0 2 -1 0 0
Viscosity (dynamic) 7 Nsm™ 1 -1 -1 0 0
Viscosity v m? s~ 0 2 -1 0 0
Planck’s constant h Js 1 2 —1 0 0
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Electrical

Quantity

Current

Current density
Charge

Potential
Electromotive force
Capacitance
Resistance
Resistivity
Conductivity
Dipole moment
Electric polarization
Electric field
Electric displacement
Electric flux
Permittivity
Thermopower
Mobility

Symbol

T U e gmNT A0 A MR~ ~

Unit m

A 0
A m™2 0
C 0
\Y 1
\Y 1
F —1
Q2 1
Qm 1
Sm™! —1
Cm 0
Cm™ 0
Vm! 1
Cm™ 0
C 0
Fm™! —1
VvV K| 1
m? V- 1s™! —1

S O O O O O O O O o o o o o o

I
O =
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Quantity Symbol  Unit m [ t i 0
Magnetic moment m A m? 0 2 0 1 0
Magnetization M Am™! 0 -1 0 1 0
Specific moment o Am?kg ! -1 2 0 1 0
Magnetic field strength  H Am™! 0 -1 0 1 0
Magnetic flux d Wb | 2 -2 -1 0
Magnetic flux density B T | 0O -2 -1 0
Inductance L H 1 2 -2 =2 0
Susceptibility (M/H) X 0 0 0 0 O
Permeability (B/H) I Hm™! 1 1 -2 =2 0
Magnetic polarization J T 1 0O -2 -1 0
Magnetomotive force F A 0 0 0 I 0
Magnetic ‘charge’ qm A m 0 | 0 I O
Energy product (BH) Jm™3 1 -1 =2 0 0
Anisotropy energy K Jm™3 1 -1 =2 0 0
Exchange stiffness A Jm™! 1 1 =2 0 0
Hall coefficient Ry m? C~! 0 3 -1 -1 0
Scalar potential ) A 0 0 0 I O
Vector potential A Tm 1 I -2 -1 0
Permeance P, Tm?>A~! 1 2 =2 =2 0
Reluctance R, AT 'm2? -1 =2 2 2 0
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Quantity Symbol  Unit m 1 t i 0
Enthalpy H J 1 2 =2 0 0
Entropy S JK! 1 2 -2 0 -1
Specific heat C JK ! kg™! o 2 -2 0 -1
Heat capacity c JK! 1 2 -2 0 -1
Thermal conductivity K Wm! K™ 1 1 -3 0 -1
Sommerfeld coefficient  y Jmol'K™' 1 2 -2 0 -1
Boltzmann’s constant kg JK! 1 2 =2 0 -1
(1) Kinetic energy of a body: & = $mv?
[e] =1[1,2,-2,0,0] [m] =11,0,0,0,0]
] - 2[0, —1, —1, 0, 0]
YT 22, 22,0, 0]
(2) Lorentz force on a moving charge; f = qv x B
[f1=11,1,-2,0,0] [¢] =10,0,1,1,0]
[v] =10, 1, —1,0,0]
1,0,-2,—-1,0
(B] = [ ]
[1,1,-2,0,0]
(3) Domain wall energy y,, = /AK (v, is an energy per unit area)
[y.,]=[eA""] [VAK] = 1/2[AK]
=[1,2,-2,0,0] [VA]l = 3[1,1,-2,0,0]
[ -1,-2,0,0]
-10,2,0,0,0] [VK]=3 (1.0, -2.0.0]
—[1,0, —2,0,0]
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(4) Magnetohydrodynamic force on a moving conductor F =ocv x B x B
g
(F 1s a force per unit Volume)

[F]=[FV~] [0]=[—1, —3,3,2,0]
—[1,1,-2,0,0] [v] = [0, 1, —1, 0, 0]

[0,3,0,0,0] oy _ 201.0.-2,—1,0]

1, —2,-2,0,0] [B7] = [1,—2,—2,0,0]

(5) Flux density in a solid B = uy(H + M) (note that quantities added or
subtracted in a bracket must have the same dimensions)
[B]=[1,0,—-2,—1,0] [l =[1,1, =2, =2,0]

[0, —1,0,1,0]

(M), 1H] = [1,0, -2, —1, 0]

(6) Maxwell’s equationV x H = j +dD/dr.
[Vx Hl=[Hr '] [j]1=1[0,-2,0,1,0] [dD/dt]=[Dr']

=[0,—1,0,1, 0] =10, -2,1,1, 0]
—[0,1,0,0, 0] —[0,0, 1, 0, 0]
= [0, —2,0, 1, 0] = [0, —-2,0, 1, 0]
(7) Ohm’s Law V = IR
=1[1,2,-3,—1,0] [0, 0,0, 1, 0]

+[1,2, -3, -2, 0]
=[1,2,-3,—1,0]
(8) Faraday’s Law £ = —0® /0t
[1,2, -3, —1,0] 1,2, -2, —1, 0]
—[0, 0, 1, 0, 0]
=[1,2, -3, —1, 0]
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