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Various types of ordered magnetic structures:  

Type of magnetic order depends on the interactions  

 
Various microscopic mecanisms for exchange interactions in solids: 

- Localized / itinerant spin systems 

- Short / long range 

- Ferro or antiferro 
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Interatomic exchange: Hydrogen molecule 
 
Exchange interactions are due to Coulomb repulsion of electrons 
 
Hamiltonian of 2 H nuclei (A, B) + 2 electrons (1,2): 
 
H = H0(r1-Ra) +H0(r2-RB) + Hint 
 
H0 = p2/2m + U(r) 
 
Hint: Coulomb interaction 

   
 
2 possibilities for the total electronic spin: S=0 or S=1 
 

Origin of exchange interactions: - electrostatic interactions 

         - Pauli principle 

•A •B •1 
•2 
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Wave function of the 2 electrons:  )σ,σ(χ)r,r(φ=)2,1(Ψ 2121


part spin:)σ,σ(χ
part orbital :)r,r(φ

21

21


Pauli principle: wave function  Ψ(1,2)  should be antisymmetric 

   Ψ(1,2)  = - Ψ(2,1)  
 
⇒  either φ symmetric, χ antisymmetric 
    or φ antisymmetric, χ symmetric 
 
Spin wave-functions: 

Singlet state: antisymmetric:      S=0 

Triplet state: symmetric (S=1)          Sz= 0, ±1 

 
Energy difference comes from the orbital part  <φ lHintl φ> (no spin 
in the hamiltonian!) 



 
H = H0(r1-Ra) +H0(r2-RB) + Hint 
 
 
- Eigenfunctions of total hamiltonian 
 
Symmetric wave function:  (associated with S=0) 
 
 
 
Antisymmetric wave function (associated with S=1) 
 
 
 
- Interaction energy:  
 
 

   

 
    
  ⇒  singlet  and triplet  have  different energies 

•A •B •1 
•2 
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ΔEA – ΔES = E(S=1) – E(S=0) 



If S=1, wave function is 
antisymmetric in real space 

If S=0, wave function is 
symmetric in real space 

Charge distribution is different  ⇒ electrostatic energy is different 

Effective interaction between the 2 spins:  

 

  

⇒ 

 
J12 < 0 for H2 molecule: ground state is singlet S=0 

 

EΔ = J and  )1+S(SJ + )S+S(2
J

- =S.SJ - 12
2

21
12

2112 12


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In H2 molecule: direct exchange due to overlap between 2 atomic 
orbitals 
 
In solids: direct exchange is also present:  
 
 

       ( è JD) 
 
But indirect mecanisms are usually larger: 
- Superexchange (short range, ferro or AF) 
- RKKY (long range, oscillating sign) 
- Double exchange (ferro) 
- Itinerant magnetic systems 

Exchange results always from competition between kinetic energy 
(delocalization) and Coulomb repulsion  

Hybridization (d-d, f-spd, d-sp…) is necessary 
 
 

)r(Φ)r(Φ)r(V)r(Φ)r(ΦdrdrJ 12211222112112 ∫∝
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Calculation of exchange using with Wannier functions (R. Skomski) 
 
 
 
 
 
 
 
 
 
 
 
2 electrons wave function with Sz=0 (↑↓ pair) 
 
 
 
 
 
H0 : 1-electron hamiltonian 
 
Vc : Coulomb interactions  
 
 

Atomic wave functions are not orthogonal 
 
 
 
Wannier wave functions are orthogonal 



Coulomb integral:  
 
 
 
 
 
Exchange integral 

E0: atomic energy 
 
t: hopping integral 

(Coulomb energy of 2 
electrons on the same 
atom) 
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Solutions for the eigenstates 

Ground state for JD>0:    
 
-  Small t/U: state 1 (Sz=0, S=1) 
-  Large t/U: state 3 (Sz=0, S=0)  

Exchange:   
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Exchange: 
 
 
 
 
2 contributions:   

 - JD  (direct exchange) 
 

 - contribution of the kinetic energy t 
 
At small t/U   
 
JD can be >0 or <0,   
kinetic term is antiferromagnetic (superechange) 
 
  Exchange results always from competition between kinetic energy 

(delocalization) and Coulomb repulsion  
Hybridization (d-d, f-spd, d-sp…) is necessary 
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Superexchange: in many materials (oxydes), magnetic atoms are 

separated by non-magnetic ions (oxygen) 

 ⇒ Indirect interactions through Oxygen 
 
 
 
 
 
 
     A      O2-         B 

In the antiferromagnetic configuration, electrons of atoms A and B 
can both hybridize with 1 p-electron of O2-: gain of kinetic energy 
 
 è energy depends on the relative spin orientation 

MnO: Mn2+ are separated by O2- 

14 

3d wave functions hybridize with p 
wave function of O2- 



 Superexchange: due to hybridization 

Hybridization: pz  wave function is mixed with dz2 orbitals 

- If A and B  antiparallel, pz↑ hybridize with A 
     pz↓ hybridize with B 

- If A and B parallel: pz↑ hybridize with A and B, but no 
hybridization for pz↓ 

Energy  difference of the 2 configurations:  

where b is the hybridization  
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  é  é&ê        ê or é   



 
- 2nd order perturbation in tAB: 
↑   ↑  ⇒  ΔE = 0 
 

↑   ↓  ⇒  ΔE = -2tAB
2/U 

 

    A      O2-         B 

energy depends on the relative spin orientation 
 
Effective Heisenberg interaction:  

U
t

2- =J
2

AB
AB
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An effective model : 
 
-1 orbital atoms with Coulomb repulsion 

 v ↑ ↓ When 2 electrons in the same 
orbital: energy U 

    

-  2 atoms with 1 electron 

     A              B 

-  Effective hopping  between A and B tAB 

↑
  

 ↓ 



Sign and value of superexchange depends on: 
 - The angle M - O – M 
 - The d orbitals involved in the bond 

Some examples (Goodenough-Kanamori rules): 
 
Antiferromagnetic superexchange 
Strong:          weak: 
 
 
 
 
Ferromagnetic 
 
 

       90° coupling 
2 diiferent orbitals      
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d5: Mn2+, Fe3+ ; d3: Cr3+, V2+  

Goodenough: Magnetism and the chemical bond (1963) 



Caracteristics of superexchange :  
 
- Short range interaction: A and B should be connected by O ion 
 
- Can be ferro or antiferromagnetic: usually AF, but not always 
 
- depends on  - orbital occupation (nb of 3d-electrons, eg or 

    t2g character) 
  - A-O-B angle 

 
-  Very common in oxides or sulfides 

Goodenough-Kanamori rules: empirical but most of the 
time   correct 
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Double exchange in 3d metals  
 
Metallic systems are often mixed valence: example of manganites: 

 La1-xCaxMnO3: coexistence of Mn4+ (3 electrons, S=3/2) 
    and  Mn3+ (4 electrons, S=2 , localized spin 

3/2 + 1 conduction electron in eg band) 
 

Ferromagnetic interaction due to local Hund’s coupling  - JH Si.si 
For large JH : EF-EAF ∝ - t (hopping energy) 

Mn3+         Mn4+ 

       Ferro: possible hopping       AF: no hopping   

Mn3+         Mn4+ 
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Toy model: 2 spins + conduction electron  

 
  θ 
   

 
 
 
 
S1              S2

  
  

  t 
         -JS/2        0              -t                    0 
            0          +JS/2         0                   -t 
  H=     -t             0           -JS/2cosθ      -JS/2sinθ 
           0              -t           -JS/2sinθ      +JS/2cosθ 
 

Lowest eigenvalue: 
 
 
Small t/J:    small J/t: 
 
Exchange energy (E(θ=π)-E(θ=0)) is given either by t or by J 
 
But it is not of Heisenberg type S1.S2  (cos(θ/2), not cosθ )  

  

 
 



Phase diagram of manganites 

Competition between: superexchange, double exchange 
(+ Jahn-Teller effect) 

 

Short range interactions 23 

AF      F          AF 

eg 
 
 
t2g 

Mn3+    Mn4+   

S=2   S=3/2 

Neighboring ions:  

-2 Mn3+ ions: superexchange (AF) 

-2 Mn4+ ions: superexchange (AF) 
- Mn3+ - Mn4+: double exchange (F) 

 % Mn4+ 



RKKY interactions (rare earths): 
 
- In rare earth, 4 f states are localized ⇒ no overlap with neighboring 
sites 
- 4f states hybridize with conduction band  (6s, 5d) ⇒ long range 
interactions 

 
 
 
  

4f  5d 6s itinerant electrons 

Interaction between 2 RE ions at distance R: transmitted 
by conduction electrons 
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Microscopic mecanism: 
 
- Local interaction  J between 4f spin Si and conduction electron spin 
density s(r):     - J(Ri-r)Si.s(r) 

- J(Ri-r) is local: Jδ(Ri-r) 

- Field acting on the itinerant spin s(Ri): hi α JSi 

-  Induced polarization of conduction 
-  electrons at all sites: mj = χij hi  
- where χij is the generalized (non-local) susceptibility 

- Effective field  at site j on spin Sj : hj α Jmj  = J2 χij Si 

- Interaction energy between Si and Sj:  
Eij α J2χijSi.Sj = J(Ri-Rj)Si.Sj 

                           25 



Exchange interaction between 2 rare earth ions:  
 
 
 
 
J = local exchange 
ρ(EF)= conduction electron density of states 

   

3
ji

jiF
F

2
ji )RR(

)RR(k2cos(
)E(ρJ)R- R(J

- 

- 
≈

-  Interaction is long range ( ≈ 1/R3)   

- caracteristic length  ≈ 1/2kF 

-  Oscillating interaction 
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Magnetic structures of rare-earth metals:  

Large variety of structures: 
Ferro, AF, helicoidal…. 
 
Long range + oscillating  

In 3D systems:  
 
in 2D: 
 
in 1D: 
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( )
( )

( )
( )
r

r2kcos
 rJ

r
r2kins

 rJ

r
r2kcos

 rJ

F

2
F

3
F

∝

∝

∝

27 

3
2

)(
)(2cos(

)()(
ji

jiF
Fji RR

RRk
EJRRJ

- 
- 

≈- ρ



Oscillatory exchange between 2 ferromagnetic layers separated 
by a non magnetic layer 

2 ferromagnetic layers F1 and F2 
at distance D 
 

F1           

F2           

D 
Si 

Sj 
R 

Sign of coupling is an oscillating 
function of D:  

Trilayer Ni80Cu20/Ru/Ni80Cu20 Co/Au/Co 
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In 3d: overlap of 3d wave functions of 
nearest neighbors atoms: metallic 
systems 
 
⇒ magnetic and kinetic energy are of the 
same order: itinerant magnetism 

Itinerant spin systems: magnetic 
moment is due to electrons in 
partially filled bands (3d band of 
transition metals)  

 Exchange interaction in 3d itinerant magnetic systems 



Magnetism of 3d metals: due to itinerant caracter of 3 d electrons 

Band structure of Ni 

d electrons form a narrow band (few eV) 
 
Description of d electrons: Hubbard model 

 band energy  +  Local Coulomb repulsion with U≈W (few eV) 

σk
σk
knε∑ ↓↓ ii nUn+ 

2 energies of the same order 



Susceptibility of band electrons: 
Magnetic field B splits the↓ and ↑ spin bands:   

  
 
Induced magnetization:  
 
 
 
 
 
 
 
Decrease of magnetic energy:  
 
Increase of kinetic  energy:  
 
Zeeman energy:  



Resulting magnetic moment: 
 
 
Susceptibility:  
 
  
Susceptibility is enhanced by the Stoner 
factor  S = 1-Uρ(EF) 
 
Paramagnetic state becomes unstable 
when   Uρ(EF) >1  

 - large U 
 - or large density of states at the 

Fermi level 
 
 

B)E(ρU-1
)E(ρµ2

=M
F
F

2
B

U 
 
 
 
ρ(EF) 
 
 
 
U ρ(EF) 

Stoner criterion is satisfied only for the  3d 
elements 

)(EρU-1
χ

 = χ
F

Pauli



Itinerant ferromagnetism:  

When the Stoner criterion is satisfied       , ferromagnetism 

can be stabilized   

Origin of magnetism: Coulomb interaction U 
 

  Strong / weak ferromagnets 
 
 
 
 
 
 
 
Magnetic moments are non-integer  
For pure transition metals:  Fe →  m0 ≈ 2.2 μB / atom 

           Co →  m0 ≈ 1.8 μB / atom 
           Ni  → m0 ≈ 0.64 μB / atom 

Ni Fe 

Uρ(EF) >1  



Magnetism of impurities in metals: (i.e. Fe, Co, Ni in no-magnetic 
metals Al, Cu, Ag…. ) 
-  Impurity is magnetic if Stoner criterion is satisfied locally: Uρi(EF) > 1 
- ρi(EF) depends on surroundings 

- Magnetism can be enhanced or supressed near a surface or interface 
(coordination, crystal field, electronic structure….different near surface)  

Magnetic moment of Fe in a 30 layers film  Magnetic moment of Pd in Fe/Pd multilayers 



Magnetic moments for itinerant systems strongly depend on their 
environment and interactions:  
 
Magnetic moment of Fe determined by atomic rules: 
m0 = gJµBJ , meff = gJµB (J(J+1))1/2 
 
Fe3+: 3d5  L=0, S=5/2, J=5/2, gJ= 2  , m0 = 5µB , meff = 5.9 
Fe2+: 3d6, L=2, S=2, J=4, gJ=3/2  , m0 = 6µB , meff = 6.7 
 
Fe-compounds: 
-  FeO (Fe2+):  meff = 5.33 → partial quenching of orbital moment 

(if total quenching, spin only magnetism → meff = 4.9) (AF) 
- γFe203 (Fe3+): m0 = 5 µB (ferrimagnetic) 
 - α-Fe (metal): m0=2.2 µB (ferromagnet) 
- YFe2 (metal): m0=1.45 µB (ferromagnet) 
 - YFe2Si2 : Fe is non-magnetic (enhanced paramagnet) 
- FeS2 : diamagnetic 
- Fe surface: m0=2.8 µB 
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Rare earth-transition metal  compounds 
 
 
2 magnetic sublattices: 
 
M-M interactions: ‘band magnetism’ 
 
M-R interactions: through d-electrons (3d-5d) 
 
R-R interactions: RKKY  
 
⇒ complex magnetic ordering: 

 - non colinear 
 - incommensurate 
 - frustration 

 
⇒ large variety of properties 
(possibility of large anisotropy , large  
Magnetization, and strong interactions) 

 
   

TbFe4Al8 

Nd0.5Tb0.5Co2 
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Other interactions between magnetic moments: 
 
-  Anisotropic  exchange       due to spin-orbit coupling 

-  Dzyaloshinskii-Moriya interacions:  
 - Due to spin-orbit coupling 
 - Present when no inversion center 
 - favors non-colinear structure 

 
 
-  Biquadratic exchange        for spins > ½ 

The largest interaction is the Heisenberg exchange, other interactions are 
usually  perturbations 

         Dij 
 
Si         Sj 


