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1) The harmonic oscillator

guantization of the oscillator in real space

Eigenvaluesof H 20 \E

Vix)

Projection of eigenvalue equation to X basis

P L w2 E) = E|E)
2m 2 |E) = E|

(Substitution by differential operators)
d

Xox  Po—ih—  |E)-p()

leads to

|

|

|

[

l o
4 o0 4 7

target: all solutions in physical Hilbert space
Strategy:
1) introduce dimensionless variables
2) split of asymptotes fory — 0,00
3) Ansatz: asymptotes y = asymptotes X u (u is unknown but easier to find than y)
4) power-series expansion, leads to recursion relation



1) The harmonic oscillator

guantization of the oscillator in real space

1) Dimensionless variables

X = by leads to oy’ + 7 Y- 7 yy =0
Y2 2

b:(i) and &= mEzb — E ,

Mo h haw i

v +(e-y )y =0 3
2) Asymptotesy — oo | yte™V /2
5 5,-y%/2

" . . m + 2 e

v —Yyip=0 with solution w=Ay"e”’ /2 Zse'y /2

since

l//" _ Aym+Zeiy2/2 1+ 2m:_1_|_ m(m4_1) — N Aym+2€_+y2/2 _ yZW
y y ’



1) The harmonic oscillator

guantization of the oscillator in real space

2 contd.) Asymptotesy — 0

v +2sy =0 with solution v = Acosv/2¢ Y] + Bsin[v2eY]

consistency requires 1
thus (3) S R A | A N
ansatz:  y/(y)=u(y)e”/?

leadsto U —2yu +(26-1)=0




1) The harmonic oscillator

guantization of the oscillator in real space

4) Power-series expansion: u(y) = f:CnyIrl
n=0

inserted into differential equation Y C [n(n—-1)y"*-2ny" +(2s-1)y"] =0
n=0

> C.n(n-1y™*
n=2
with index shift m=n-2
Z C:m+2(rn+ 2)(m+1) ym :Z Cn+2(n + 2)(n+1) yn
m=0 n=0
we get Z y'[C.,(n+2)(n+1)+C (26 -1-2n)] =0
n=0

(2n+1-2¢)
"(n+2)(n+1)

feeding back in the original leads to recursion: C_ , =



1) The harmonic oscillator

guantization of the oscillator in real space

so we have

U(y)=Co{1+ A-2)y’ , _(-22) (4+1_28)y4+...}+c{ L 2+1-25)y’  (2+1-2) (6+1—2e)y5+_.1

(0+2)(0+1) (0+2)(0+1) (2+2)(2+1)) 1+2(Q+1) @@A+2@+1D) 3+2(5+1

Problems

a) E not bounded despite the positive eigenvalues resulting from variational principles

c qu 2 . L]
b) 22 - harmonic series, not absolutely convergent

Cn

=> way out: termination of series required
two choices: ¢; = 0 forn even or ¢y = 0 forn odd

=> polynomial terminates, solves differential equation for u(y),
Y lies in physical Hilbert space with following asymptotesfor y — oo

o (y) = u(y)e 2 — {CO +C,y* +C,y* +... 4 Cny”} —

C,+Cy’+C.y°+..+C V"



1) The harmonic oscillator

guantization of the oscillator in real space

consequence energy quantization of the harmonic oscillator by backwards substitution

1
E = (n+§)ha) forn =0,1,2,...

Polynomials for fixed n given as Hermite polynomials H, (v)

Examples: Hermite (physicists’) Polynomials

Ho(y)=1 40 I~ T

H,(y) =2y ]
2 N\

H2(y):—2(1—2y ) g T I
2 N |

=12 y-3) ! -

H4(y):12(1—4y +§yj a0 | | | hes— -
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1) The harmonic oscillator

guantization of the oscillator in energy basis

Oscillator in energy basis

2
(P—+1m2x2j|E>:E|E>
2m 2

Direct way: Fourier transform from real to momentum space

@'\Xip) = [[ @)X 1)@ Ipd dx d’ = ~i8 (o — )
No savings compared to direct solution of Schrodinger equation in real space

Thus better: use Dirac’s method and work in energy basis knowing neither X nor P
in the energy basis



1) The harmonic oscillator

guantization of the oscillator in energy basis

commutator
[X,P]:ihl =ih
definition and adjoint
12 12 12 2
a=| M) x| p a+=(@j x—i(ij P
2h 2mwh 2h 2mwh
further

laa’|=1
New operator (dimensionless)

H :i(a+a+1/2)
hao



1) The harmonic oscillator

guantization of the oscillator in energy basis

Commutator of creation and annhiliation operators with Hamiltonian

:a, H ] =laa'a+l/2|=|aa'a|=a

a", H ] =-a’
Raising and lowering properties
Hal ) =(aI:I —[a, I:I])|g> =(aI:I —a)|g> =(e-Dale)

Analogousfor a*

a+|g>=C 5+1>

e+l

If E eigenvalueof H,soareE+1,E+2,.,.E=1,E-2,..
But eigenvalues non-negative

requirement
a|go> =0

1
no further lowering allowed a+a| 80> =0 = €o = E



1) The harmonic oscillator

guantization of the oscillator in energy basis
No degeneracy in 1D, thus these are all eigenvalues and eigenvectors of
Eg=— & =(N+1/2),n=0,12,... E =(n+Y2)hw,n=0,12,..

A possible second family must have the same ground state, thus it is not allowed

Computationof ¢, €z41 (label by n instead of &)

a| n) =C, | n—l} and adjoint equation <n| a = <n_1| C;
form scalar product of both equation
(n

(nfH-y2lm)=cic,

a‘a

n)=(n-1n-1)C.C,

(nnjn)=|c,” = [C.[=n N C. = n¥2e?



1) The harmonic oscillator

guantization of the oscillator in energy basis

choosing ¢ = 0
a|n)=n*?*|n-1)

a’|n)=(n+)"*|n+1)

a‘aln)=a'n’?|n-1)=n**n*?|n) =n|n)

with number operator N =a’a

H=N+1/2
further
(n'la|ny=n**(n’|n-1) =n*?5,

a’|ny=(n+"*(n'|n+1) = (n+1)**5,

(n’

‘n+1



1) The harmonic oscillator

guantization of the oscillator in energy basis

position and momentum operators

oY (n Y
X :(%j (a+a ) P—(%j (a —a)

matrix elements of operators in N basis

n=0 n=1 n=2

‘0 0 0 .] 0 0 0 .|
n=0 172 o 0 0 0 22 0
a+(—)n:1 0 2]/2 0 a0 0 0 3]/2
n=2
‘0o o0 3*




1) The harmonic oscillator

guantization of the oscillator in energy basis

What do we learn?

Quantum mechanics can be formulated in terms of commutator algebra

that fullfils the following rules for the Hermitian X;,..., Xy, Py1,..., B,

7 Y2
2Mmmw

(0 12 0 O
2 0 22 0
o 2 o0 3~
0o 0 3% 0

Analogously for derived operators

_]/2
0
Honw|0

0 0
32 0
0 52

0
0

0
142

0
0

_1¥2

0
Y2

0

o)
_ol2
0)
3]/2

_3V2
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2) 1D lattice vibrations (phonons)

1 atom per primitive cell

o222 s
e ® o
50— g : force on one atom F, = ZCp(uS+p —u,)
— g = g 8 i P d2u
@ . .
-2 2w equation of motion of atom M dtzs = ZCp (Us, , —U5)

solution in the form of traveling wave

us — ue|(s+p)KaLe it
EOM reduces to
— W MU |sKa Slot Zcp(ei(s+p)Ka |sKa)ue N O)ZM — _Z Cp (eipKa _1)
p p

translational symmetry  Cp = C_,

finally leadsto  »*M —_ZC (€@ 4 gPKa _D) = =—ZC (1—cos pKa)

p>0 p>0




2) 1D lattice vibrations (phonons)

1 atom per primitive cell

since da)2 Z paC sin pKa=0 10
dK |\/| 5o0 0.8

0.6f

0.4}

nearest-neighbor interaction only 02

w° = (4C, /M )sinz(% Ka) 05 10 15 20 25 30 "
w’ = (2C,/M)(1- cosKa) =
dispersion relation

o = (4C, /M )¥? sin(% Ka)

w/K, dw/dK

black line: phase velocity %

. . AW
red line: group velocity K




QOutline

The harmonic oscillator
— real space
— energy basis

1D lattice vibrations

— one atom per primitive cell

— two atoms per primitive cells
Electron-phonon interactions

— localized electrons

— small-polaron theory

— phonons in metals
Superconductivity

A numerical example: CO

Literature



2) 1D lattice vibrations (phonons)
2 atoms per primitive cell

d*u d®v
2 EOMs MlTZS:C(Vs-I_Vs—l_ZUS) and MZ dtzs =C(US+1+US—2VS)
ansatz u, = ue*“e and v, = ve¥%e
substituting —@°M,u=Cv(1+e**)-2Cu and —@°M,v=Cu(é“* +1)-2Cv
_ ==
2C-M,0* -C(l+e™®) M,

=0 andforsmallw

leads t _
SRR lcare®) 2c-M,0? ,  CJ2




2) 1D lattice vibrations (phonons)

2 atoms per primitive cell

Lattice with 1 atom per primitive cell gives only 1 acoustic branch
Lattice with 2 atom per primitive cell gives 1 acoustic and 1 optical branch

Phonon Diapersion il Mass Ratio = 1.01

ka=0.26

Stop Start

Acoustic Mode

Thereisa
gap here
it M, = M,

Optical Mode

http://dept.kent.edu/projects/ksuviz/leeviz/phonon/phonon.html
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3) Electron-phonon interaction: Hamiltonian

The basic interaction Hamiltonianis H = H . He+ Hei

/ Zi \
Hy=> o, (aa +1/2) H;Z%%ezzri He =2V ()= Vs (F-R)

ijtij
Taylor series expansion for the displacements

V,(#,—R”=0)=V,(F ~-R")=0 VI, (F ~R")+0(0)

the electron-phonon interaction reads ﬁ(?) — ZQJ oV V@iE (Fi—ﬁjo))
J

and the Fourier transform of the potential

1 =\ AT N A T U
V=XV @ s V(D) =i Y v, (e
q q



3) Electron-phonon interaction: Hamiltonian

we need to calculate

V(r) =~ zqv (q)e'QfKZQ q]

by using

i_ = JaRO " h 2
sz:Qje ;Q Z 2MN@ ) (B, )

and
MN = pv

we can write the Hamiltonian in the form

V0= N @O+ 0) £ 5 ) (a4

qV



3) Electron-phonon interaction: Hamiltonian

by integrating the potential over the charge density of the solid

h
200V

q

ey = [ AoV (1) = -3 p(A+ OV, (0+6)(@+6) & (), +a' )

or in an abbreviated form

1 = o~ +
Hep = sz(q +G)Mq+é (a.q + a_q )
V' 4G
with

N h
M. =Va(G+G)G+G) & (z—)"
2p0,
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3) Electron-phonon interaction:

localized electrons

If the electrons are localized the Hamiltonian becomes

H =Hp+Hep=Z{ (aa +J/2) Z

here the electron density operator is the Fourier transform the localized charge density

p(a+G)= [dre Y [y - )| = [dre" @ py(G+G)
po(G+G) = [ dre" @O g (1)

rearranging terms

H= Z{wa(a a +]/2) (a +a’ )Ze“”Fﬁ(r)}

with the periodic function

Fy(r) = ZPO(CHG)M o



3) Electron-phonon interaction:

localized electrons

we now transform the creation and annhiliation operators

A=yt

Ze“” and Ag=a;+ 1 F, (r)z -icf

@y vWoow, 4

and rewrite the Hamiltonian

H-3o(mav2) 0T

which has the eigenstates and eigenvalues

(A)"
(nq !)]/2

'R

q

ig-F

|0) and E = Zq:[ (n +]/2)]__



3) Electron-phonon interaction:

deformation potential

Traditionally in semiconductors one parametrizes electron-phonon interactions
(long wavelengths)

edeformation-potential coupling to acoustic phonons

epiezoelectric coupling to acoustic phonons

epolar coupling to optical phonons

the deformation-potential coupling takes the form

Ho =D (0 )”2|q|p(q>(a +a’ )



3) Electron-phonon interaction:

piezoelectric interaction

The electric field is proportional the the stress
Ek = Z M iijj
ij
Stress is the symmetric derivative of the displacement field
Q
= 2[8x J Z

The field is longitudinal and can hence be written as the gradient of a potential

(gqJ +¢, q,)(a +a’ )e‘”

=——¢( )=~ Liad, e

This potential is proportional to the displacement

— — — . h 2 'qr +
() = Q(r) M) =TT ) M@ (3, 4, )
leading to
Hy =X )M, @p(@)(a, +a", )

ar £POqV



3) Electron-phonon interaction:

polar coupling

The coupling is only to LO (TO do not set up strong electric fields)

V-D=0=>Y G(E, +47P)e"
q

induced field

= —47r|5q

q
The polarization is proportional to the displacement

h
200,V

—

P, =UeQ, and E, = —47UeQ, = —4nUg(

)id(a, +a’,
The field points to the direction of g, thus

E=-Vg=-i) igg,e"
q

4nUe, T
(
q 2pav

#(F)=Y "

)“/Z(aq +afq)



3) Electron-phonon interaction:

polar coupling

The interaction of two fixed electrons is

(4;te)2[ h )I d’q €'

VR (r) - 2,0(0
LO

ho,,

Fourier transforming

2 2
& | 470> ¢ e [ 1 j
V,(r)=-I"— with = and = -
R( ) I r pszO re, r

The coefficient U becomes

Uzzpa)zLo 1 1
dr \¢e, &,

o0

and the interaction Hamiltonian

M G . 1 1
Hep :Z 12 p(q)(aq +a_q) with M 2 :ij'ezha)l_o (___j
g v £ &

o0
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3) Electron-phonon interaction:

Frohlich Hamiltonian
describes the interaction between a single electron in a solid and LO phonons

p’
H = Z cpcp+a)02aqaq+z N |q| Ch.q rj(a +a’ )

where

M2 47zah(ha)0)3/2 @ @ @ @
(2m)”

and 2 @ @ @ @

Szl (23] @D @

For a single electron it can be rewritten as @ @ Q Q)
|qr

H=§—m+wo§a§aq+2 7 o (a,+a) @ Q9 Q




3) Electron-phonon interaction:

small polaron theory — large polarons

0.5+  RES RES
R . ¢ 1.2}
Transform to collective coordinates £ 04
g 0.3 a=5 0.8- a=26
c
- =
_ 1 ZcelkRJ %O.Q
Nj/z ) S 0.4k
j 2 0.1 FC e
}
}
+ + O'Uo é 10 0'00 5 10
H=21) y.C.C +Za)oaa +ZCk CeM, (aq+a_q) e o
k optical absorption
1 ik-6
Ve==D €
75

the polaron self-energy in first-order Rayleigh-Schrodinger perturbation theory becomes

Ny+1-n-(s.) Ny+ne(g)
_|_

6' —8 —6()q 5R—5R+q+a)q

Z(l) (k) = Z M 2




3) Electron-phonon interaction:

small polaron theory — small polarons

Canonical transformation
H =e’He® with S=-> nje' - (a‘ —a’ )
" q
leads to

H = JZCJ*+5C Xis X+ D op@a +) nA
q j
M 2 |
with polaron self-energy A= Z—q and Xj :exp{Ze' g (aq —-a’ )}
q @ q

finally we write
H=H,+V

j+o j+o

with  H,=) o@a +> nA and V= JZC*CX+
q j
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3) Electron-phonon interaction:

phonons in metals

The Hamiltonian is

P2
M,

H= Z2m Z2

first we neglect phonons

i — T aff

within the harmonic approximation for the phonons
R =R9-Q, H=Hy+Hy,+Hg
®,,(R)=v,V.V, (R) H —ZQ VV ( -R,)

with the bare-phonon Hamiltonian

o= Y g +3 2(0.-0,) (2,-0,) 0, (RE-R)

aﬂ




3) Electron-phonon interaction:

phonons in metals

expand displacements and conjugate momenta in a set of normal modes

%= (N.l)ﬂ/2 ;Qaewm i (N )J/z > Reh
thus
Ls5 .15 64 (k
o = X P P 5080 (7|
where
(k)= % ;( GRRO_ RO )(e_iﬁ.ﬁaw) RO )X ®,, (RO-R,0)= _70;[% (G+k)-o,, (Gﬂ
and



3) Electron-phonon interaction:

phonons in metals

if the ions were point charges we would have

. 2,2 2.2 _ArZ%e’
WEZE o [ BR) (g

= O =
&R ”V & \R R

find the normal modes of the bare-phonon system through

det| MOZ5,, -4, (K)|=0

kA" v

and use the frequencies and eigenstates to define a set of creation and annihilation operators

12
QIZ ] Z[ prlﬂm j " (aw ' a; )

A

. 1
HOp = ZQM (a@aﬁﬂ +Ej
kA



3) Electron-phonon interaction:

phonons in metals

the same set can be used as a basis for the electron-ion interaction

Hep ]/2 Z M (é q)e( h (aqﬂ+a—+aﬂ)

G1,G

where

Y2
Ml(é+q):(2pzzﬁj ¢, (G+a)v, (G+a)

in second quantization

1 C
H 225|2C|2+C|2+E Z VqCI:+ngg qUC C +quﬂa a * Z V(q) '; C'?a (am +a—+qﬂ)

Note: the phonon-states basis is unrealistic and serves only as starting point for
a Green’s function calculation



3) Electron-phonon interaction:

phonons in metals

If the electron-plasma frequency is much larger than the phonon frequency we write
the interaction between to electrons as a screened Coulomb interaction and screened
phonon interaction

Veﬁ(q’i”):_ —— +;—.

and the phonon Green’s function

DA(O)
~1-M?D,“P(g,iw)/e(G i)

D, (d,iw)
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4) Superconductivity

BCS (Bardeen, Cooper, and Schrieffer) theory

Screened interaction of two scattering electrons € € mm
M2(200. ) Ae100 nm
V,
Vs(q,W) - g(qu) + g(q)zq(a)z q@wz ) 0.1 - 4 ==
! - latioe
‘“ © s
_VO ‘é:q‘ < Wy
V,(q,w)=
0 [&]za
¢ e e e e e e e @
o —©0
ceceee@8Cg
The Hamiltonian takes the form Laitice of supsroonducting material

¢ e e ee e e e

+ 1 + +
H =Z§pcﬁacﬁa+5 2, V(@C3.40C54.Cpir Cs
p

p+q,0 p'—q,O' p'10 p,o
ap’ poo’



4) Superconductivity

BCS (Bardeen, Cooper, and Schrieffer) theory

consider the EOMs

0 1 .

5 Coo(=[H.Cy, |==£,Cp0 == 2 V(0)C;0,Cps G
ap o

first derivative of the equation for the Green’s function

26 (pr=r)=10(r=7)(C,., (F)C;., (7)) ~0(r=){Cy., () (7)1 -

0

= _5(7_7')<{Cg,a,cpla}> —<TT [ECW (r)}cglg (z")>

%G( pr-7")= —6(7—1')—<T, [Ecp,a(r)}cé,a (f')>

leads after some math to

(—%—gbjG(ﬁ,r—r'H% S V@ (T,Cy g (7ICy o (F)Cy 4 (I, (£)) = (2 —7")

o’



4) Superconductivity

BCS (Bardeen, Cooper, and Schrieffer) theory

Neglecting electron pairing at ¢ = 0 (long-wavelength phonons) leads
for up and down spins to

and
~(T.C, o (NC, D) (T.C; o+ (1)C;,, (7)) =5,y pgF (-P+A.0)F" (~P.r—1")
thus we get

v ZV(Q) (T.Ch 4 (1)Cp (1)Cipq,r (1)Ci0 (7)) = %ZV(Q)[G( p.r—7')n, 4 —F(P-G,0)F"(p,z"-7)]
Ve ]

defining A(ﬁ):—%ZV(q)F(ﬁ—ﬁ,T:O) with  F(p,r=0)=
q

gives the EOM for the Green’s function



4) Superconductivity

BCS (Bardeen, Cooper, and Schrieffer) theory

we sum over frequencies by the contour integral

0= g}.—n @)~ E2
and get
F(pyr=0)= =2 tanh| £
2E, 2

which, in turn, gives the equation for the gap function

o1 A(P-4d) [ PEsq
A(P)= qu:V(q) o tanh( ) )

p-q

tanh( SE,_, /2)

y
= and E=(§2+A2) i

A @p
where A= > NFVOL)D dé



4) Superconductivity

BCS (Bardeen, Cooper, and Schrieffer) theory

factoring out the constant A and considering zero temperature leads to

@p

1= NV, In[§+(§2+A2)y2} ~ NFVOIn(ZZ)Dj

0

which, solved, produces the energy gap

E, = 2A = 4ap,e VN

1.0
The energy gap decreases as the temperature increases. osk O Mobum
oy . . © Tantalum
The critical temperature is _ ® T
Sosl T
KT =1.14w e """ g |
51:.4-
BCS predicts I
0.2F
Eg _ 40 _ 2 i l‘l"llllnrl:r?;lt:lth;lllnm
o B¢ S v x my R

KT, 114 T,
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A numerical example: CO

Static
nonrelativistic
Hamiltonian

SOC, external
magnetic field, and
eletron-phonon
coupling involved

~ ] Ya N N 7
H(O):__ZV2_Z a 4+
2 i i=1 a=1 Ra(q) — l‘I
Nel Nel l Nar Nar Z
+ 20
i=1 j=1 |, — I'j a=1 b=1 b(q)‘

N, el eff

HO — Z

1 2C 2R3

wlt 22 %a)

=1 q

Za . S+Z,uLL ‘B, +

~

Y 1 S-B



5) A numerical example: CO

The Hellmann-Feynman theorem

In guantum mechanics, the Hellmann—-Feynman theorem
relates the derivative of the total energy with respect to a
parameter, to the expectation value of the derivative of the
Hamiltonian with respect to that same parameter.

oE . oH
— = A 2 w(A)d
> Iw()mw()r

~

where

- H, is a Hamiltonian operator depending upon a continuous parameter ),

- (A) is @ wavefunction (eigenfunction) of the Hamiltonian, depending implicitly upon A,
- E 1S the energy (eigenvalue) of the wavefunction,

- dr implies an integration over the domain of the wavefunction.



5) A numerical example: CO

calculating the electron-phonon coupling
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5) A numerical example: CO

calculating the electron-phonon coupling
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5) A numerical example: CO

calculating the electron-phonon coupling

1st step: geometry optimization

2nd step: Cl calculation at the
equilibrium position

3rd step: Normal modes
calculation and quantization

4th step: Cl calculation at the
phononic position and obtain the
EP coupling coefficient

(GAUSSIAN 03)

! Optimized Parameters !
! (Angstrems and Degrees) !

! Name Definition Value Derivative Info. !

! Rl

R(1,2) 1.1307 -DE/DX = 0.0 !

Excited State 1: Triplet-2Sym  5.6305 eV 220.20 nm £=0.0000
7-> 9 0.69474
7 -> 12 -0.12308 ﬁ;xm“‘“x
E =5.6305V

=

5G
Frequencies -- 2286.0338

1
Red. masses --  13.4388 Accordingto E‘P1 — ha)(n + 5)

Frc consts -- 41.3785

IR Inten  -- 145.6415

Raman Activ -- 12,3068 F =

Depolar (P) -- 0.2937 pho

Depolar (U) -- 0.4541

Atom AN X Y z — —
1 6 0.00 0.00 0.80 Eph] =ho =0.2834eV
2 g 0.00 0.00 -0.8&0

Excited State 1: Iriplet-7?5ym 5.3361 eV 232.35 nm £=0.0000
7T-> 3 0.69473 -
7 ->11 -0.12040 Epm =5.3361eV

%2 i
Ee +Eph+ﬂEi 25.3361'EV ;12 :i\/(ﬂEa) +42Epj;ﬂEa 20.04{3‘7

Excited State 1l: Triplet-7?5ym 5.9382 eV 208.79 nm £=0.0000
T -> 8 0.6%461

7 -> 12 -0.12560 E, =5.9382V

+2E_AE;
o =006eV

%2
E,+E,+AE =59382V J —+ \/(ﬂEa)
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