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What is mean field approximation?

H
1 moment in a magnetic field H,,,; M=M, g(%

Where the function g is
-the Brillouin function (Quantum case)
- or the Langevin function (classical spins)

Heisenberg model: H = th S, _E].
Lj

Main assumption: S; is replaced by its average (S;)
H = Zhjs—‘ _E]. . H = szj ;. (5;)
ij i

(similar to molecular field, or Hartree-Fock approximation)



N EOVER

—

field acting on §; due to the other spins §; :

j
qu

If there is also an external field: H; = Z]ij (§;> + H,,



H
M=M, g(% D M; =M, g(l;{T
H; = Z]ij @})"‘ H,.

H, is a local field due to
-the interaction with neigboring spins (« molecular field »)
-the external field

In a ferromagnet: {3}} is constant: {§j> = M/gugp

= molecular field is the the same on all sites:

HfE}"}’G = szij + Hext



H,
Solution of the mean field equation: M ;=M g(ﬁ,{;)

In a ferromagnet:

u(H + zJjM,
kT (g(x) is the Brillouin or

M; = My=g(

Langevin function)

My/M

H=()  emmmmisiospissszusr b e s oy BETR.

y = p zIMy/KT




Ferromagnet: Order parameter and Curie temperature

2ss+1
Ky T, = ( ) zz
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If only nearest neighbor interactions J
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Magnetization is calculated
selfconsistently

At low T: M(T) — My oc exp(-2T./T)
Near T.: M(T) o (T.-T)?

Similar calculations for antiferromagnets, or longer range
Interactions



Thermodynamics of a ferromagnet in mean field approximation

-Calculate the partition function Z of the system: one spin in an
effective field H.; (H.s = Hoye + 2IMp)
For S= 2.

E, = +gMgHen/2

E,=- H_ /2
0 gIJB eff Z _ B_ET/kT + B_E¢fkT

-Free energy: F =-kT LnZ
= Susceptibility x =- d°F/ dH?

¢ C = (QHB)Z
T-T,.' 3k

X = S($+1)
= Curie -Weiss law above T,
=specific heat: C,=-T 9°F/ 9T?

= Discontinuity at T,: A C, = 3ky/2



Same calculation can be done for an antiferrromagnet with 2

sublattices: H; is site-dependent (H, and Hg)

N - Also ferrimagnetism, helicoidal order,

commensurate and incommensurate

X orderings...

—
=3
—

Ferrimagnet

Net magnetization (arb. units)

(Compensated)
ferrimagnet

1 1 1
0 Ty T,
Temperature

Free energy and thermodynamics: F = free energy of a moment in an

effective field 5 = Z Ji (5;)+ Hone
i



General case: - interactions J;; between 1st, 2nd, 3rd ....
- Any kind of Bravais lattice (1 magnetic site per unit

cell)
Energy: E=— Z](R — R))(S..S))
i j

In mean field approximation: E = Z](R R;)(S;).(S;)

R;-R; _
Fourier transforms: /(q) = ﬁz e Ri~Rp) (R, R;)

1 J
S(@) =5 ) (S efem

= E=-) J@S@.5-) 3 /\
- :

Energy is minimum at g, for which J(q)
is maximum 1 1




The phase diagram for the 1D chain:

T J(q) =-J, cos qa—J,cos2qa
SN AT ¥ owe Extrema of J(q):
' g " -g =0 (ferro)
WeR: dragnehie - q = nr/a (antiferro)
S, FaweEp - cosqa =-J,/4d, (if|3,/43,/ 1)

-The helimagnetic state is stabilized in the frustrated region (J, < 0)

L
S .

~>

-It is in general incommensurate with the lattice periodicity



Example: multiferroics RMn,O¢
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ltinerant magnetic systems

031 Cobalt

-

100 meV -

10-100

F.D.R., unités arbitraires
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r, nim

Itinerant spin systems: magnetic
moment is due to electrons in
partially filled bands (3d band of
transition metals)

In 3d: overlap of 3d wave functions of
nearest neighbors atoms: metallic
systems

=>Competition between magnetic
and kinetic energy: itinerant magnetism

Energie leV)




Energie {eV]

Magnetism of 3d metals: due to itinerant 3 d electrons

Band structure of Ni

E
i e 1 - s-band
: : E--Eleiﬂ' A : s :
0 _ 2 ,?;;;7 ‘ ..... - :u
- "ff’/ : '3 1
2 4 BiekTronen f{’ /ﬁ 7 2 :
) ~——. d-band

LE i

|| 1 |- | ]

5 | Ni

d electrons form a narrow band (few eV)

Description of d electrons: Hubbard model
-band energy + Local Coulomb repulsion with U=W (few eV)

kZeknkc Uni¢ni¢ (+ longer range interactions)
(o)



One band : degeneracy of the 3d band neglected
EZ

Coulomb repulsion: electrostatic interactions between electrons V(r) = =

In solids this interaction is screened by the other charges:

e’ exp(—qr)
r

V(ir) =

In metals 1/qis very small ( <interatomic distance). = Only short range
Interactions are important

Local Coulomb repulsion: Un;.n;

Hubbard model: H= ), N+ UXn;ny

= from Pauli paramagnet to itinerant magnet and localized
magnetic systems with increasing U



Mean field approximation on the term Unilnil ;
Ungn; = U/4(np+n)* — U/4(my—n;)°

U

2 U 2
1st term: Z (nn+nu) = Zni

Charge fluctuations are small

= constant potential

U
2nd term: ~a (np—ny)? = —US;,*

Mean field approximation on the 2"d term:

~US;,” =~ —2US;, < S;, > +U(S;,)* where §. = (n;;—n;,)/2

This 2"d term induces a spin-dependent potential on each site:

Vie =—0aU/2(n;;—n;)



ltinerant ferromagnetism: Stoner model at T=0

Description of 3d metals: narrow band + Coulomb interactions
Local Coulomb repulsion: Unj;n;,
U favors magnetic state

Hartree-Fock approximation: H = Z(Ek +Vs) Ny
k.o

with: V,, = —oU/2(n;;—n;))

N N
N(e) Ey =Unn =U (? + p(&c )58)(? - p(&c)d¢)

UM Ut 00y

N(g)

AE, = p(&r)(d¢)°




Total energy variation: N(e)

Vd
AE, = AEy + AE, = p(&p)8e*(1 — Up(&p))
N(g)
T4
240 |
oz | = Stoner criterion :
c
= ~ -If 1-Up(gp) < 0: magnetic state is stable
o8 S (ferromagnetism)
a4
0 ! -If 1-Up(eg) > 0 : paramagnetic state
~ J
:p_ 1.5/ -;.I
:::L Ll h |
= :'; I M . .
= 35., P L Magnetic moments are non-integer
. - | For pure transition metals:
s | e Fe —» m,=2.2 pg/ atom
E ol m gy Co —m, =1.8 pg / atom
r~ N AR Ni — my=0.64 p; / atom

0 20 30 40 50
Numéro atomigque



Weak vs stronq ferromagnets

W.F: both spin directions at E- (Fe)

(o) b E

am‘m@ﬂ
|

SF: only 1 spin directions at E.
Gap in the spin flip excitations
(Co and Ni)



ltinerant systems: Stoner theory at finite temperature:

M; (T) |

M=M,-aT? (exp: T372)

M=b(T,-T)¥? (exp: (T.-T)P

()

1/x a T>-T.2 (exp: T-T,)

Order of magnitudes for Tc:
Fe: 1040 (Stoner: 4400-6000)
Co: 1400 (Stoner: 3300-4800)
Ni: 630 (Stoner: 1700-2900)

More on Hubbard model and itinerant magnetism: next talk ! (M. Lavagna)



There are few exact results for the Hubbard model:

H= ), &N+ U)xin;n

Stoner criterion for ferromagnetism: 1-Up(gz) <0 ?
- U cannot be too large (screening effects)
-But almost all these exact results do not give a ferromagnetic

ground state, even for large U (see also the arguments given by T.
Dietl)

Orbital degeneracy (Hund’s coupling) and s-d interactions are

very important for stabilizing ferromagnetism)



Why is mean field not good for large U?

If the number of electrons is small: uniform potential on all sites
V,;, = —oU/2(n;;—n;;) and the electrons density is the same on
all sites.

However it could be more favorable to « maintain » the electrons far
from each other, so that they almost not interact . This is not

described by mean field

FE R g ) 1
]

In mean field : small Large U: large moments, well
moments evrywhere separated
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Landau expansion for 2"9 order phase transition

Free energy near Tc can be expanded in powers of M:

t 11
F(M,Hex, T)=Fo+ SaM?+ 2bM*+ —cM® —M.H,,

A 1 7oz -a, b and c can be calculated for each
model (Heisenberg, Hubbard....)

I<T,

\ / - They depend on the microscopic
\/\/ M parameters: J; or U and band structure
- They depend on temperature

= magnetization, specific heat, susceptibility above T,
can be obtained from F(M,H,T)




Different situations as a function of the sign of coefficients (c >0)

Magnetization is determined by : aM + bM3 + cM? = H

1) if H=0 and a>0, and b? -4ac <0: M = 0 (no order parameter)
2) H=0, a <0 (and b? -4ac >0): M+0

Usually T, is determined by a(T,)=0 =>a=a,(T-T,)

And M(T) = (a,/b)"? (T_.-T)"?

Above Tc: M/H = 1/a =1/a, (T-T;) = Curie Weiss law

3) a>0and b? -4ac >0 : 1st order transition is possible

This may occur if the Fermi level is located in a minimum of DOS



a> 0 and b?-4ac >0 : 1st order transition is possible

- 1st order transition at T.: discontinuity of M(T)
- Expansion of F in powers of M is not justified if AM is large

- No critical phenomena



1st order transituion under magnetic field: metamagnetism

Occurs if a>0 and b2 -4ac >0

E(C)

Hex =0
L
ext_H cl
/_\ /
"—\_’/Hext =H, =
Hex
/"———_‘ 7/Hc2 =
Hcl m




Advantages and limitations of mean field approximations

-Simplicity (localized and itinerant systems)

-Simple calculations of thermodynamic properties
-Physical origin of the magnetic order

-1st step to investigate a model.

-Extension to antiferromagnetism, itinerant models, .....

-At low T: M(T) - M= exp(-A/KT) instead of T* (a=2 or 3/2): possible
corrections if spin waves are included

-Near T, : critical exponents are not correct

-Overestimation of T,

-Absence of magnetism above T, (short range correlations are not included)
-Dimensionality effects not described: absence of magnetism for d=1, T, =0
for d=2 (Heisenberg case)

-Size effect : MF predicts magnetic order in finite systems



Estimation of T,
Mean field: kgT. = zJ

Real Tc is always smaller (event O for some models)

Tc for the Ising model:

Table 5.2 Exact and approximate Curie temperatures for the Ising
model (in units of zJ/kg).

lattice d z mean-field Oguchi exact
linear chain 1 2 1 0.782 0.000
square 2 4 1 0.944 0.567
simple cubic 3 6 1 0.974 0.752
bee 3 8 1 0.985 0.794
fee 1 12 1 0.993 0.816

Mean field is better if z is large!
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Improving the mean field approximation

-Phenomenological fit of Landau expansion
-Low T: spin waves
-Spin fluctuations theories

-Description of critical phenomena

Mean field results can be tested with

- numerical results (Monte Carlo),
- Or expansions...

- exact results in a few cases



Improving the mean field approximation

-Phenomenological fit of Landau expansion
-Low T: spin waves

-Spin fluctuations theories

-Description of critical phenomena

-Short range correlations

Mean field results can be tested with

- numerical results (Monte Carlo),
- Or expansions...

- exact results in a few cases



At low temperature: thermal variation is dominated by spin waves

Collective excitations of magnetic moments:

AAAAA
Ground state: T

] ] ] ) A A A AN
Spin wave: linear combination of : l,

This is not an eigenstate : Si_+Si' iInduces correlated spin flips

Energy of spin waves: E(k) = hw(k) = 2S(1(0) — I(k))
I(k) = D I -ry)e

THY T

@@@@@ @@@@@ Spin waves excitations: low

K=0 K = 1/a energy cost

ik(ri —rj




ER)

At low k: E(k) =2zJ (1 — (ka)2/2)

In antiferromagents: spin wave energies
E(k) a sin (ka)

—, L

~Ua 0 }'r’_ Ta

Magnetization at low T : M(T) = M,— number of excited spin waves

1
N, =>.<n,>=),
|

= in aferromagnet: magnetization M(T)/M,=1 — AT3?
in antiferromagnet: 1- AT?

If gap in the spin wave spectrum (i.e. anisotropy), behavior is
different: exp(-A/T)



Spin waves also exist in itinerant

ferromagnets: o

2 types of excitations: Eﬁ

-Stoner excitations: transition from a =T

filled T state to an empty | state: gap A, N (E) ~—— - N (8

at g=0; continuum atq #0
-Collective excitations: spin waves

00

Eﬁo-
E M
’f
% ol ‘]J' Ni
STO N EH Magnetic 5; ;'; [111]-direction
A" CONTINUUM excitations in Ni g ol
(A;=100meV) £
GD E HIIIIIHHI[[Jy_i; G"o/dz %5 08 T 1z ik

Wave vector k (A7)

Spin waves: talk by W. Wulfheckel on Monday 7th



Improving the mean field approximation

-Phenomenological fit of Landau expansion
-Low T: spin waves
-Spin fluctuations theories

-Description of critical phenomena

Mean field results can be tested with

- numerical results (Monte Carlo),
- Or expansions...

- exact results in a few cases



Spatial spin fluctuations in Landau - Ginzburg model

Near T_: large fluctuations of M.

1 —
F= fdrgamr)z +2(VME)) = M) e

M(r) = My + m(r)
Small fluctuations can be included in the free energy:
<Im(q)I>> ~ kgT/(gg? + a+ 3bM;?)
Fluctuations of small q are large
Above Tc: My = O : caracteristic length { ~ gt ~ (g/a)¥? ~ (T,-T) /2
<Im(a)I*> ~ kgT/(q/{)? + 1)

Caracteristic length diverges at T_: critical fluctuations



— 2
Whya (VM(@)) contribution?
If variations of M(r) is « smooth »: \ /

S;S;=S*cos (8, -6, =S%(1 - (6, - 6)4/2)

S, S,

Contribution to exchange energy:

J(R;—R)S?%/2 8, - 6)?= A (de/dr)? in the continuum limit

_ _, 2 , do,
If S, = S(cos@, , sin®. , 0), then (VM) =S (E)
The (E’M(r))z is justified if spatial fluctuations are small

Fourier transform: M(r) = Z M(q)el" = VM(r) = Z gM(q)elt”
4 q

— 2 ) . f
VM()|" = Z qq'M(@)M"(q")e!d-1)"
q.q/

Integration over r: only q=q’



Correlation length can be observed with neutron scattering:

X(q) ~ <|m(q)|?>/KT through the fluctuation-dissipation theorem

<Im(q)12> ~ ke T/(G/Q) + 1)

—
h ’ 0.75
118
= - 52
] g
0.8 4 -
@ 0.5 20 o
G %
o
- 0.6 + %
8 "z =
- 1 T
1-0 A
044 0.25 [ -
1 i
i y
021 ‘ i \\
““*ﬁ_‘ < s T
R g) SR 2= Jo
T 0.9 045 1.0 105 14
0.0 | : I
1 2 3 0.05
wavevector k [arb. units] __L,_,-_,_;_ﬁ__.-
0 L 1 a__ &

0

3
{hoo)

1.0

Above T_: width of x(q) is={ ! = measure of the correlation

length ¢ : direct access to {(T)



Validity of Landau Ginzburg expansion

1 —
F= fdrgam(r)z +§(vm(r))2—M(r)Hm

1 1 1
The —b M is neglected. This is valid as long as 54 M* > —bM*

If <Im(q)I?>> ~ kgT/(gg? + a+ 3bMg2) , M* = Z < |m(q)|* >
q

This leads to the Landau- Ginzburg criterion fot the validity of

Landau expansion: b*(kT )% |T =T
(T? T Tl

1
2a,9° T,

If T, is small , Landau expansion is not valid. Quantum fluctuations

become more important than thermal fluctuations

= Quantum critical point (QCP)



Improving the mean field approximation

-Phenomenological fit of Landau expansion
-Low T: spin waves
-Spin fluctuations theories

-Description of critical phenomena

Mean field results can be tested with

- numerical results (Monte Carlo),
- Or expansions...

- exact results in a few cases



Some generalities on phase transitions and critical phenomena

pressure

A /

-Liquid-solid transition: spontaneous
symmetry breaking at T,

critical -Order parameter (spatial)
poin

-A liquid has more symmetries as a solid:

complete translational and rotational invariance

Gas
. -Para-ferromagnetic transition is similar
temperature
L & - eoo0oo00000 00 /,,\t\—P///C— HHHHH
® o0 LI e T EEEEREEE R s H, i
g% N SO e o Pttt 484114
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Different types of phase transitions:

Phenomenon High T Low T Order Excitations Rigidity Defects
Phase Phase parameter phenomenon
crystal liquid solid G phonons rigidity dislocations,
grain
boundaries
ferromagnet paramagnet ferromagnet M magnons permanent domain walls
magnetism
antiferromagnet paramagnet antiferromagnet M (on magnons (rather subtle) domain walls
sublattice)
nematic liquid oriented S (il 3 cos? 6 — 1)) director various disclinations,
(liquid crystal) liquid fluctuations point defects
ferroelectric non-polar polar P soft ferroelectric domain walls
crystal crystal modes hysteresis
superconductor ~ normal metal  superconductor K"/ P - superconductivity flux lines




2"d order phase transitions:
- Order parameter below T,

- divergence of some thermodynamics quantities

ift = (T-T.)/T,, and h = pH/KT,

values in M. F. approximation

M(T) ~ tB (h=0) B=1/2
M(h) ~ h/8 (t=0) 5=3
X(T) ~tv y=1
¢(T) ~tv v=1/2
C(T) ~t@ a=0

S(k) ~ k21 (t=0)



Critical exponents

they depend on
-the type of interactions (Heisenberg, X-Y, Ising...)
- the dimensionality of the system

M(T) 0 (Te - TP, Cx(T) O (T-Te) Y

D=1 D=2 D=3 Mean field
B=036
Heisenberg y=1.39
No ordering
X-Y y=o0 B=0.35 B=1/2
Kosterlitz- Thouless y=1.32 vy=1
Ising Tc=0 B=1/8 B=0.32
X~ exp(-2J/T) v=7/4 y=1.24

Several relations between the critical exponents:

a+2 B+y=2, y=B(O-1).....



Critical exponents depend on the dimensionality

-'“l L] L] T T L) T L Li L i

bl
P [ _0365 (3D-Helsenbern) gt
25 - ; =

0.325 (3D-Ising]

(K. Baberschke)

critical exponenent B in thin Ni films on W: at 6 monolayers

transition from 2-to 3- dimensional behavior
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Phase transitions and low dimensionality

Li,VO(Si,Ge)O,

Jz




Magnetic properties of 1-dimensional and 2-
dimensional spin systems (= workshop Tuesday 8th)

-Models calculations

-Heisenberg spins: no magnetic order in 1D and 2D and T > 0 (Mermin-
Wagner theorem)

Spin waves argument:

Magnetization at T#0: M(T) = M(0) — Ng,y , with Ng,, = number of excited
spin waves

kd—l
Ney o€
W Iexp(a/T)—l
If (k) = ck?: integral is divergent for d=1 and d=2 (for d=3: T%7?)

dk

No long range magnetic ordering for Heisenberg spins with
short range interactions in 1-D and 2-D at T>0




Qualitative argument for the absence of ordering in 1D and 2D

Fluctuations in Landau theory:

M(r)* = (Mo + m(r))*

> < M@)? >= My* + <m@)? >

a(T)

= —T+Z < |m(pl* >
q

a(T) kT
D) z
b - rq? + a(T) + 3bM,
In 1D and 2D the integral is divergent near T.: fluctuations become

larger than M,. No long range magnetic ordering at T+0

(Mermin-Wagner theorem)



Heisenberg spins with anisotropy

2
Uniaxial anisotropy: — KSiZ

easy axis: K > 0: spin wave gap a K g(k) = 25[3(0)_J(q)+ K]

Variation of magnetic moment at T # 0: M(T)-M(0) = Ng,y

In 2D; no divergence of NSW:atlow T Ng,,, o Texp(— é)
T

Easy plane anisotropy: K<0 e(k) = \/Dkz(Dkz + Z\K\ oc Kk

No spin gap; Ng,, is divergent at finite T. Order at T=07?

Anisotropy may stabilize ferromagnetism in 2-D systems
— surfaces and thin films




Examples of 2D systems:

- Compounds with in-plane interactions >> interplane interactions

examples: La,CuO,....

- Ultrathin films : 2d character if -d<2n/kr 0.2 -2 nm
- d<exchange length: depends on the
nature of exchange: 0.2 -10 nm

- Surfaces of bulk materials

- Superlattices F/NM: interlayer interactions



Reduction of Curie temperature

bulk Co

g

Curie temperature T (K)
o
3
T T T T

*4

i L L L s 1
0 1 2 3 4 5 []
Cobalt thickness (ML)

06
D= 522 ! ' )
157 N jo
05 Re (0001) |

0d— 5.5

3.8

Jg (T.00/ TESLA
= =
3 w
T T

=
I

| 1
300 400

Magnetization of Ni films

T, for Co thin films

In 2D: - no order if no anisotropy (spin
waves divergence)

- with anisotropy: reduced T,
(reduction of nb of nearest neighbors
T. a zJS(S+1) + spin wave effects)

1.005 -
1 buslk -
n=1{
0.9495 ::;
Lol i
1.985 |
.98
1978 |
0.7l . !
il 0.1 0.2 0.3 .4 0.3 0.6
M(T) for differenfthickness (theory)




From 3D to 2D behavior:

T—Tc|™"
- In 3D systems correlation length diverges at Tc: & = & T—
C
- Crossover from 2D to 3D when the thickness d = ¢
- Asymptotic form for Tc: 1
T¢(0) —Tc(d) (d) v
Tc(d) $o
(Heisenberg: v=0.7 Ising: 0.6)
- i
 Re{0001)/Ni(111) : o
o Cultfl/Ni Fel1i) /CultH) Experimentally: v=0.7
& WIMON/Ni[111) Close to Heisenberg
= Cul11)/Ni {11

e WI(110)/Fel110}/Ag

i i i
30 &0 50
—————ifli

0

(Gradmann, 1993)




Summary

-Mean field approximation is easy to handle. Allows to compare
easily different types of orderings

-In many cases (3D systems) is gives the correct qualitative
ground state

-Temperature variation:
- at low T: spin waves
- T, too large, critical exponents not correct

- Problems for low dimension systems
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