
Sattering theory of transport in magneti systems.Xavier WaintalCEA, Servie de physique de l�etat ondens�e,Centre d'�etude de Salay F-91191 Gif-sur-Yvette edex, FraneIn this leture, I will study some interplays between the �eld of mesosopi physis (whih desribesfully oherent eletroni systems) and lassial magnetism. I will start with a disussion of somelassial mesosopi experiments (Aharononv-Bohm e�et, ondutane quanti�ation) whih shownon loal behaviors. Those experiments helped to realize that the ondutivity of a phase oherentsystem is a meaningless onept and only the ondutane of the whole an be de�ned properly.Then I will introdue the Sattering theory of transport and the Landauer formula whih relates theondutane to the sattering properties of the system. In the seond part, the sattering approahwill be applied to two di�erent magneti systems: a ferromagnet{normal-metal{ferromagnet trilayersand a magneti domain wall. We will study the e�et of magnetism on the transport properties aswell as its ounter part, the spin torque exerted on the magnetization by the onduting eletrons.I. AN ELEMENTARY INTRODUCTION TO TRANSPORT IN A MESOSCOPIC SYSTEM.When do we really need quantum mehanis to desribe the physial properties, let us say the ondutane, ofa solid state system? Take for instane a regular opper wire with a 1mm setion and have a 1A urrent owingthrough it. At what veloity do the opper's eletrons go? The urrent density j = 106A:m�2, while the eletronidensity is ne � 1030 eletron per m3 (there is roughly one opper atom every Angstrom and eah of them gives onevalene eletron.) Now if we use the lassial relation j = e nev, we obtain that the average eletroni veloity isv � 10�5m:s�1, whih is two or three orders of magnitude too slow. What went wrong in that way of thinking isthat we forgot ompletely the Pauli priniple (and the Bloh theory of bands) whih freezes the eletrons far from theFermi sea so that eventually no more than 1% of them are partiipating to the transport properties. In that sense,we need quantum mehanis to desribe properly the transport properties of any eletroni system although we knowthat our opper wire ondutane is very well desribed by Ohm's law.What one alls mesosopi systems are systems where the eletrons really behave both as partiles and waves atthe same time so that the preditions of quantum mehanis beome strongly di�erent from what one an obtainfrom semi-lassial approahes, even at a qualitative level. In pratie those "strongly quantum mehanial" deviesare just regular eletroni systems (suh as the Field E�et Transistors that one an �nd in any PC) that are putin a dilution fridge at temperatures in the milli-kelvin range. At these temperatures many degrees of freedom of thesystem (like the phonons for instane) are frozen, and the phase of the wave funtion desribing the eletrons beomea well de�ned quantity, hene the need for a fully quantum mehanial desription.A. Transport in a phase oherent system. Examples of "non loal" experiments where quantum mehanisis fully in ation.In Fig.1, I have skethed two standard experiments that illustrate a few aspets of the ondutane of a oherentobjet. In the upper one Fig.1 (a), one measures the ondutane of a small metalli wire (a four points measurement:two ontats are used to injet the urrent I and the voltage di�erene V is measured on the other two.) onnetedto a small loop. When a magneti �eld B is put through the system the ondutane g shows osillations. Thisexperiment teahes us three things:� (i) If this system was to be desribed by Ohm's law, the eletrons would go diretly from the +I eletrode tothe �I eletrode and would never see the loop. Hene, the ondutane of suh a system would not depend onthe magneti �eld B. In other word, there is no way we an de�ne a ondutivity for this system, and we haveto onsider it as a whole.� (ii) the osillations die at higher temperature when the phase of the wave funtion is not well de�ned. Indeedthey are due to interferene between trajetories going lokwise and ounter lokwise in the loop and suh ane�et needs phase oherene. III.4-1



� (iii) the magneti �eld inside the metalli part is atually zero (we imagine we have a very thin solenoid goingthrough the loop) while the ux inside the loop is not. Hene the system is not sensible to the magneti �elditself but to the vetor potential, another manifestation of quantum mehanis.In the seond experiment (Fig.1 (b)), one measures the ondutane of a two-dimensional eletron gas (in a GaAsheterostruture for instane) onneted to two eletrodes. In top of the gas, two (triangular) gates have been depositedand, when polarized with a gate voltage Vg , they deplete the gas underneath reating a onstrition. Suh a systemis known as a QPC (Quantum Point Contat). Remarkably, one observes that g exhibit plateaux as a funtion of Vg .Those plateaux are quantized in unit of 2e2h � (10k
)�1. Here again, the wave nature of the eletrons shows up, andthe ondutane quanti�ation an be understood if one onsiders that the gates at as wave guides allowing only afew modes too propagate.
+I

-I

+V/2

-V/2

B

+Vg

+Vg

+V -V

B

g=I/V

g

Vg

(a)

(b)

FIG. 1: Shemati of two experiments with mesosopi samples. In (a) one measures the ondutane g of a metalli wireonneted to 4 ontats and one loop. g osillates as a funtion of an Aharonov-Bohm ux put through the loop. (b) QuantumPoint Contat (QPC): a two dimensional eletron gas (inside the dotted lines) is onneted to two eletrodes at a potential+V and �V . Two triangular gates are deposited in top of the gas and are used to deplete the eletron underneath them andreate a onstrition. As a funtion of the gate voltage Vg used to polarize the gates, g exhibit steps.At this stage, one should be onvined of the neessity of a quantum mehanial desription of our system whihraises a few theoretial questions. In partiular, sine the apparatus (and the experimentalist!) are lassial objets,one needs to stop the quantum mehanial desription at some point, and onnet our quantum objet to the lassialworld. The formalism that does that is the sattering theory of transport, and will be outlined in the next setion.B. The ballisti system as an "eletroni wave guide". Introdution of the sattering matrix S. TheLandauer formula for the ondutane.
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FIG. 2: In this ideal wire, the part 1 and 3 are ballisti while all the sattering takes plae in region 2. The eletrons areon�ned in the region 0 � y �W and the wire is attahed to two ideal reservoirs.We fous now on a two dimensional wire on�ned in the y diretion on a width W as skethed in Fig.2. In part 1and 3 of this system, the dynamis is ballisti (no potential) while all kind of imputities, roughness,...lie in region 2.The sattering theory of this system is done in two steps.III.4-2



In step I, we want to study the solutions 	(~r) of its Shr�odinger equation, hene doing plain quantum mehanis.The Shr�odinger equation reads in this ase,� ~22m�	(~r) + V (~r)	(~r) = E	(~r) (1)where the potential V (~r) is zero outside region 2 and 	(x; y = 0) = 	(x; y =W ) = 0 due to the on�nement in the ydiretion. The solutions of Eq.(1) in region 1 and 3 are just a superposition of plane waves (we neglet the evanesentmodes) with longitudinal and transverse momentum being respetively kx and ky. Due to the hard wall onditionin the transverse diretion, ky is quantized in unit of 2�=W and an take Nh (number of open hannels) di�erentvalues, that keep the mode propagating (i.e. kx =q2mE=~2 � k2y real).x 2 1 : 	(x; y) = NhXn=1 sin(kyy)p2Wkx �a1neikxx + b1ne�ikxx� (2)x 2 3 : 	(x; y) = NhXn=1 sin(kyy)p2Wkx �a3ne�ikxx + b3neikxx� (3)Now, we don't know what 	(x; y) looks like in region 2, but we do know that 	(x; y) and its derivative are ontinuousat the 1 � 2 and 2 � 3 interfaes. Those onditions imply that a linear onstraint links a1n and b1n to a3n and b3n.This onstraint is written using the S matrix that relates the outgoing modes to the ingoing ones:� b1nb3n � = S � a1na3n � with S = � r tt0 r0 � (4)where S has been parameterized in term of the transmission (t,t0) and reetion (r,r0) submatries. Probability urrentin region 1 (3) readsPn ja1nj2 � jb1nj2 (Pn jb3nj2 � ja3nj2), hene urrent onservation enfores the orthogonality ofthe S matrix, SSy = 1.Step II onsists of giving ourself a presription as to how those eigenstates are to be �lled when the wire is attahedto two reservoirs, eah of them haraterized by a temperature and a hemial potential. This presription (whih tookquite a few years to emerge) is that the inoming modes oming from one reservoir have the equilibrium distributiongiven by this reservoir. With that presription, we an now alulate physial quantities suh as the urrent owingthrough the wire. In the ase of zero temperature and small bias voltage, we get for the ondutane of the system,g = 2e2h Tr tty: (5)Eq.(5) is known as the Landauer formula. It relates the ondutane of the system to its S matrix, and has beenused widely in mesosopi physis. Most of the remaining diÆulties lie in trying to determine the properties of theS matrix. tty has Nh eigenvalues 0 � Tn � 1 alled transmission probabilities, so that Eq.(5) an be rewritten as,g = 2e2h PNhn=1 Tn:C. Appliation to broken juntions. Experiments with paramagneti and ferromagneti metals.As a �rst appliation of the Landauer formula, we an go bak to the QPC desribed in Fig.1 (b). There the region2 has no potential, and the transmission matrix t is just identity. The Landauer formula therefore reads g = 2e2h Nhand the ondutane quanti�ation appears naturally, the gate voltage ontrolling the number of opened hannels.One should realize that this result is somehow paradoxal: the Landauer formula predits an non zero resistane, inthe absene of any sattering in the system. Not to mention that the quantum mehanial desription made in theprevious setion is ompletely elasti, so that a priori the system has no way to dissipate the energy assoiated withthe Joule e�et.The metalli equivalent of the QPC are broken juntions, where one injet urrent through a few metalli atoms.In ontrast with the QPC, there the fermi wave length (roughly the "size" of a hannel) oinide with the size of theatom. However, broken juntions give the possibility to study various metals, and magneti ones in partiular.
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II. APPLICATION OF THE LANDAUER FORMULA TO MAGNETIC SYSTEMSIn this seond part, we will apply the sattering theory introdued in the �rst one to magneti systems. To doso, we need to make one modi�ation to the previous theory, namely taking into aount the spin struture of the Smatrix, S = � S"" S"#S#" S## � (6)Otherwise, the formalism an be applied as it is. In addition to the harge urrent studied in the previous setion,I / R dy	(x; y)�x	(x; y) we will be interested in the spin urrent ~J owing through the system, whose de�nitiondi�ers from the harge urrent by the presene of Pauli matries: ~J / R dy	(x; y)~��x	(x; y).A. Ferromagneti-Normal Metal-Ferromagneti trilayer. GMR. Spin injetion and magnetization reversal.Let us start with a system made of three metalli thin layers with a urrent owing perpendiularly to the layers(see Fig.4). Two of those layers are magneti while the spaer in between (that we will ignore in our theoretialdesription) is a normal metal. For the sake of simpliity, we suppose that the (majority) eletrons whose spins arealigned with the loal magnetization are fully transmitted while the (minority) eletrons whose spins are antialignedare fully reeted.With suh a simple model, the ondutane of the system is readily alulated. When the magnetization of the twolayers are aligned, the majority spins are fully transmitted while the minority spins are reeted, hene g = Nhe2=h.On the ontrary, when the magnetizations are anti-aligned, the majority spins of one layer are the minority of the otherand vie versa, hene g = 0. A magneti �eld will bring the system from the anti-aligned to the aligned on�guration,inreasing the ondutane. This phenomena is known as the Giant-Magneto-Resistane e�et.More interesting than the eletroni urrent is what happens to the spin urrent in this system. Consider for instanea spin polarized urrent inident on a single magneti layer suh that the eletrons' spins make an angle � with themagnetization of the layer, as shown in Fig.3. Along the layer's magnetization, the inoming eletrons' spins an beonsidered as a oherent superposition of majority spins with amplitude os �=2 and minority spins with amplitudesin �=2. Hene, the eletron will be transmitted with probability os2 �=2 and reeted with probability sin2 �=2. Theimportant point here, is that the inident spin urrent along the x-axis, proportional to sin �=2 � os �=2 / sin � islost in the proess. Hene, unlike the eletrial urrent, spin urrent is not onserved. This is quite puzzling sine weknow that had we started our disussion with a full mirosopi model, the total angular momentum of the systemwould have been bound to be onserved. Hene whatever spin urrent is lost by the onduting eletrons has to betransferred to the eletrons responsible for the magnetization, and a spin torque is exerted on the magnetization ofthe layer.
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FIG. 3: Polarized eletrons inident on a single magneti layer.In order to get this spin-torque in a real sample, you need polarized urrent. This is ahieved by using not one buttwo magneti layers, one thik one in harge of polarizing the urrent (hereafter labelled Fa), and a thin one uponwhih the torque is exerted (layer Fb). When the eletrons enter the sample from the right, see Fig.4a, eletronstransmitted from Fa will be polarized along its magnetization, hene exerting a torque on Fb. The torque, whih issimply alulated as the di�erene of spin urrent on the two sides of Fb, tends to align the magnetization of Fb towardthe one of Fa. The situation is quite di�erent when the urrent is owing in the other diretion, see Fig.4b. There,the inident eletrons oming on the left on Fb are not polarized and do not exert any torque. However, those whihare reeted by Fa get polarized and do exert a torque on Fb. Sine they are polarized after a reetion instead of aIII.4-4



transmission as in the previous ase, their polarization, hene the torque, is of opposite sign. Thus this torque tendsto anti-align the magnetization of Fb with respet to the one of Fa. By using a strong enough urrent, one should beable to swith bak and forth the diretion of the magnetization of Fb, in the absene of any external magneti �eld.
FIG. 4: Magneti threelayer. One layer (Fa) is used as a polarizer while the torque an swith the diretion of the magnetizationof other one (Fb).B. Transport in a magneti domain wall. Spin injetion and Larmor preession.The previous analysis an also be done in the ase of a magneti domain wall in a ferromagneti wire. It is however,slightly more subtle sine now, we need to keep trak of the magnetization diretion whih is no longer onstant inspae and we will stik here to more qualitative arguments. Let �w be the length of the domain wall (i.e. the lengthover whih the diretion of the magnetization is fully reversed). If �w is large enough, the hange in the magnetizationdiretion is very slow, and the eletrons will have time to adapt there spin adiabatially to the loal diretion of themagnetization. The question that arises naturally is how does this adaptation take plae. It ould, in priniple, bedue to all kind of relaxation proesses (like spin-orbit, oupling to phonons...). There is however, a faster mehanism,namely Larmor preession. When an eletron enters the wall (Fig.5a), the magnetization diretion starts to rotateand an angle � starts to build between it and the eletron's spin (Fig.5b). Hene, the spin start to preess aroundthe magnetization (Fig.5). This preession take plae on a length sale �L (Larmor preession length, roughly theinverse of the di�erene between the Fermi momentum of the majority and minority spins). After �L=2, the spin hasmade half a roundtrip around the magnetization (Fig.5d) and the angle � is now dereasing. Hene the mistrakingof the eletron's spin is roughly � � ��L=�w. Let �M (�m) be the resistane of the majority (minority) hannelfor an in�nite wall (� = 0). The resistane � in that ase is obtained by adding the two resistanes in parallel,� = �M�m=(�m+ �M ). When � 6= 0 however, the domain wall auses a slight mixing of the two hannels (i.e they arepartly in parallel) whih auses an inrease �� � �(�M � �m)2=(�M + �m) of resistane. In addition, it is immediateto realize that a spin going adiabatially through a domain wall is fully ipped in the proess, giving ~ of angularmomentum to the wall magnetization. It results that a global pressure is exerted on the wall, pushing it in thediretion of the eletroni ow.
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FIG. 5: Competition between the rotation of the magnetization and Larmor preession in a domain wall. The thik arrowstands for the eletron spin while the thin one stands for the magnetization.III. CONCLUSION AND BIBLIOGRAPHYThe reader interested in mesosopi physis in general might refer to [1℄ and to [2, 3℄ for the appliation of Satteringtheory to transport. The spin torque was �rst predited by Slonzewski in [4℄ and the �rst experiments done in [5℄.III.4-5
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