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Magnetism, why bother? The Exchange Interaction

«Central for understanding magnetic interactions in solids
+ Up to now only terribly weak effects: y = 104 << 1 *Arises from Coulomb electrostatic interaction and
the Pauli exclusion principle

¢ Collective coupling of spins leads to strong magnetic
moments that often can be detected directly but even
more commonly leads to hidden order: antiferromaanets
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‘ Exchange energy ‘ ‘ Exchange energy
Wave function of two electrons must be antisymmetric for exchange of Consequences from exchange correlation:
particles
l//(rl , 51 - r2 , 52) — _‘//(rz , 52 g ,.1 , 51) Q;tri]gal(;ﬁgale;tsg;;)(singlet state) have lower Coulomb energy than parallel

Chance that two electrons with same spin are at the same place is zero.

-> Pauli principle takes care that parallel spins avoid each other.

AE,

= _ZJS - S See Ibach&Luth
eXChange ! 2 Triplet

Electron density around each
electron in free electron gas

= 3 Exchange correlation gap J Exchange energy Singl t‘
(Ibach and Liith) > radius: r=2/k.~ 1-2R noe
3 4
Basic properties 2 Basic properties 2
Heisenberg Hamiltonian ‘ - Fe spin resolved
' Fe—BCC Spin—polarized a=5.41 a.u.

EMNERGY (#v)
Heisenberg Hamiltonian for lattice: — e

i over all atoms TOTAL 003 0

H = —Z z ZJUS/. . Sj j over the neighbor atoms
T

Ferromagnetic coupling for positive J

Antiferromagnetic coupling for negative J

“! Schematic: o |

UNT CELL)

hat does this mean?

ES/Ry

parallel
>0

e Binding antiparallel J<0

—

Heisenberg Hamiltonian is a good starting point for theories for magnetic
materials with predominant neighbor interactions (e.g. isolator)
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Properties of ferromagnets i Heisenberg Hamiltonian
; | Triplet )
Not only whole or half integer moments Heisenberg model Hamiftonian — !E _/
Spontaneous Singlet
magnetization Theory H= —Z ZZJUS/ 'Sj
; B (up per atom) ——————— i J# I I
Material I (K) aaT=0 g 28 Ferromagnetic coupling for positive J
— d Antiferromagnetic for negative J 1
Fe 1043 222 e 5 J
Fe** 6 4
Co 1388 1.72 6 3
Ni 627 0.61 5 2
Gd 292 7.63 7 o )
Dy 88 10.2 10 e Butif J is positive neighboring atom moments couple parallel
EuO 69 6.8 7
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1&L8.3 Exchange interaction between Free Electrons ‘ ‘ Exchange interaction between Free Electrons
1 . .
W(r) = em’ - :i I(k,l’, + kjr/) _ /(ki _k/Xri —I’/)
\/V v =r;) NeT e 1-e
* Two free electron pair wavefunction «  Probability of finding electron 1 in dr, and electron 2 in dr,:
1 jikr, fKk;r; 2 1
‘///j(r) = Ve - ‘V///'(r/' *rj)‘ adr, = W[l—cos(k, *k/‘X"z - rj.)]ai',af,
* space antisymmetric: 2 Two electrons with same spin cannot be at same position
(r r ) — 1 e/ k/'r/'e/ kjrj _ e/ kfr/' e/ kl'r/' =>» lonic charge of a spin-up electron is not screened by other spin-up
Yigklirt; electrons
Vv :
; ik — _ => This lowers the energy and leads to a . . .
(r,—r.)= 1 (k,r, + k]r]) 1- ! (k' K; Xr, r]) collective exchange interaction with positive sign
w,(r =r,) e e
NG
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Exchange hole ‘ ‘ Band (Stoner) Model of ferromagnetism
Exchange interaction causes each spin to push away other spins Heisenberg model does not completely explain
=> local charge density modified: Exchange hole ferromagnetism in metals
I.n
_ __s1T
en (sink,r —cos k.r) E;()=E(K) N
Parlr)= 5| 1- 9520 PR
2 (ker)
radius E,(k)=E(k)- Isn,
r=2/k.~ 1-2A WR)= N

(()=en1- 9 (sinker —cosk.ry
Pel)= 2 (kerf I, is Stoner parameter and describes energy
reduction due to electron spin correlation
Use this density in Schrédinger equation: Hartree-Fock approximation. ) ) )
N,, N, is density of up, down spins
Full theory

Density Functional theory in Local Density Approximation (DF-LDA)
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Band (Stoner) Model ‘ ‘ Band (Stoner) Model ‘
R— n,—n, N Let R be small, use Taylor expansion: with Ax=1.R

PR A . M - 7R 3
N  (spinexcess) Hay g(X—AX/2)—g(X+Ax/2) z—g'(x)Ax—%g”'(x)(%) +..]

Then E.(k)=E(k)-1sR/2
E,(k)=E(k)+IsR/2

Spin excess given by Fermi statistics:

of \% of \ ~
1 AN - ~
R= 2 0= 1. (k) Zk:[iaﬁj%(zﬂ)m | dk[ aﬁj BTN [dk(-5(E~E,))

v (at T=0)
f., =[expE)F 1,R/2-E, /KkT]]! == D(E) f(E)’—

D.0.S.: density of states at Fermi level

B 1 « of (k) 1 o f (k) 3
(s 1) R=——> "R ——— _ 1.R)’ +...
E(k)=E(k) N N g@E(k) s ) 24N - 6E(k)3( s ) +

13 EF E 14
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Band (Stoner) Model ‘ | 9(Er) and AE for a 3d ferromagnet
6(E )= v D(E.) Density of states @ 1.DOS at Fermi level is greater in a 3d TM:
/7 oN F7 " per atom per spin
-N (3)——— Third order \E
Then R= D(EF )I R-0 terms E
N =
R(1-D(E;)I,)=-0®
When is R> 0?
1B, <0 o D(E)l,>1
Stoner Condition for Ferromagnetism
For Fe, Co, Ni this condition is true g bandwidth of 3d band smaller (d-d overlap smaller than s-s)
band also contains more electrons (can take 10 in total, vs. 2
Doesn’'t work for rare earths, though for 4s band)
15 1
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Spin resolved DOS: 3d ferromagnet ‘ ‘ Band structure
@ 2. AE from alignment with (or against) By is greater in a 3d TM:
plus: even a
small change in Exchange interaction splits spin degenerated bands
energy, AE, leads 4s A E
to a relatively 1 3|
large no. of 3d /———l—— | Er E
electrons F
changing spin
state 1 : {
AE ~ i :. i ! !
I\ Ep(k)
N NT E i I
17 18




Basic properties 2

Basic properties 2

Scandium

3d bands
localized

Copper

e g,
= = 31 € | 4sp band
ip B free electrons
s

electrons

‘ Susceptibility of ferromagnet ‘

How can we connect the microscopic Heisenbes
Hamiltonian with macroscopic properties’?‘ ’

By = ﬂo(Happlied + Hooniocal)
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Weiss molecular field

Pierre Weiss: Exchange interaction of neighboring moments
produces molecular field proportional to magnetization

; i
! Mean field theory

approximate operator in Hamiltonian with its mean (average) value

Replace S; by mean value <S>

H=- >23S,'S, = H:—ZS,ZZJU<S>

C=N po ug? /g ,

BWE/'SS = }\'ﬂDM )| ) g =i -
Weiss field enhances B <S> can be expressed in magnetization: Heiss
I .
Dc From previous chapter: pi=-0, 1zS < >
— =— 'S..S. Thus magnetization of N atoms M = -Ngu, (S
Bor =B + M| Z ;ZJ.JS, S, 9
After some operations ZZ i J i
What is connection between macroscopic A and microscopic see gray box p.222 B = }\«ILIDM A= W
exchange interaction J;? p ' & problem 8.2 b Hs
L
I
21 22
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Mean Field Theory for disordered phase T>T, ‘ ‘ Estimation of exchange interaction
Brillouin function with B M(Boo, T) = Nty BJ[W%;HJ Curie-Weiss law P Material 7 (K)
. T)=—2=
Simple case: L=0, J=S=1/2, g=2  M(B,.,T) =Ny, tanh[ﬂ] Zn(T) H T-T. Fe 1043
kT C=N g pg? KKy, co 1388
Ni 627
i 5 T = gd 292
. 8B
x<< l: tanhx > x w8, 7)= /(/:7;' B, = /::77' (B + Au1,M) Fa0 p
B Mi I B H > For Fe: N=9x1022m3 > C~ 1K
ecause M is small: B .=
toc~Ho 2-(T) T, =1043 K >[% ~ 1000
m
Curie-Weiss law M 9
lm(7)=ﬁ=r_rc /1_22#/']/]' o2

[~30mev]

NuoGPpg — Nuog® pig
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Mean Field Theory for ordered phase T<Tc ‘

‘ Mean Field Theory for ordered phase T<Tc

T<T, : Spontaneous magnetization
(also in zero field H:‘;)) y = NM —tanhx o A;B;ﬁ _ %,V
M = Nug tanh(i'uﬁ = y=——=tanhx Mo 4
kT iy :
Assume B, ;=0
(field generated by rest of sample small) 11,8 7
Be/‘f:B/ac+)‘ﬂoMz)‘ﬂoN X = /‘:B;ﬁ :?Cy
25 26
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Failure of Mean Field T>T, e IS i e i Failure of Mean Field T<T,
| |
4 = [
' X = (T - TC) Ni
H : Rt T= 627K
2t /
/n;( ",

o} N $o

-1 ’» -'._ oo

b 2= i B see sss 1sing

s N | ey

L PR P - 7_2!0 L -
0.02 01 05
T, (K) ' :
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Beyond mean field ‘

TABLE 8.1 Propertics of ferromagnetic materials

Spontaneous Critical

magnetization Theory exponents

{jty per atom) —

Material T (K) at T=0 af FAY 7 i
Fedt

Fe 1043 222 :t; - 2 : 1334002 034 + 0.04
Co 1358 1.72 [3 | 1.21 + 0.04
Ni 627 06l 3 2 135+ 002 042 + 007
Gd 292 7.63 7 - 130010 =
Dy 88 102 0 - -
Eu() a9 6.8 7 - 1.30 + 0.01 0.36 + 001

Mean fieldy=1and f =0.5

‘ Failure of Mean Field T=20

At low T:
Spinwaves

www.physics.colostate.edu/groups/maglab
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Spin waves

Similar to phonons linear chain

Energy En =238 - (Sn_t +Snu1)
2J

Effective field  Bn =—— - (Sp_; +Sps1)
Qup

ds
Equation of motion 71— = py x By = 2JS x (Sp_; +Spy1)

dt

‘ Spin waves

Low excitations linearize chain

S, =-Sz+o0,

Equation of motion

485,
dt
=-2JSzx (6, — 206, +6p,)

=-2JSzx(6,_; +6,,)—4TS6,, Xz
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Spin waves

Wave like solutions

oy = Aei(kna—wt)

‘ Spin waves

Energetics of excitations

" vk?
umber of states  g(k)dk = z—zdk
Vs

Dispersion relation ,
'\._ _,”’
—ika ika z fooN 4 - - -
ho =-2J S(e -2+e J " N/ A4 Specific heat and magnetization from excitations
I L P S S WA
=4J9S[1 —cos(ka)] LI / dE 3
B \' / 3 C = = AT 2
22 PN \ /] dT M =M N = M,|1-BT2
k>0 &=ho=~2JSa’k - N~ =Ms —gugh = Mg 1-
e 'S 25
Spin waves in the antiferromagnet perovskite LaMnO3: A neutron-scattering study *, Phys. Rev B 54, 15149 (1996) 33 34
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Tight binding revisited ‘ ‘ Tight binding revisited ‘
P . Iy/*H war ;
single electron T \rB E'=1—— %
e & e? &2 _ J v yar '*
=--—A- - +
2m Ansyr, A4rme,ry  4re,R

Y =Cudy + Cpy

Perturbation theory gives E’

minimize w.r.t. c, & cg

Try linear combination of atomic orbitals

. J.z//*H war
[y yar

‘1

Original energy integral

= I¢:H¢Ad’1 //}/4/&&1

Interaction energy integral Hj = I¢:H¢50f

i e? .
Overlap integral S = 2 J‘ N o
&,
Antibonding
F ~ HuytHyp -
+ = H, " * H,
1+S5 Bonding
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Exchange Interaction and Bonding

two electrons

H(12)=H(1)+H(2)+H,,(12)

neglect H;,, and try product of atomic wavefunctions:
\{1(1,2) = [‘/’A (1) a2 (1)] [¢A (2) + @5 (2)]

Reasonable simplification: neglect terms with both

[w(1,2

)= 2405 (2)+ 25 (Lo (2)]

electrons on same atom - Heitler London wavefunction:

H, molecule Basic properties 2

Symmetry requirement of wavefunction ‘
¥(1.2) = 0a(L)s (2) + 05 (L)04(2)

for exchange of (1) and (2) ‘

Space part
> spin part antisymmetric: spin singlet S=0 | T¥=>- 41>

¥(1,2) = 0,15 (2)- 95 (L)4s(2)

Space part for exchange of (1) and (2)

=> spin part symmetric: spin triplet S=1 111>
IN=>+i1>
=

J_J) molecule Basic properties 2
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Exchange Interaction

Perturbation theory gives
C+A + for singlet
1+S5 - for triplet

Triplet
E=2F+——= "

Singlet

74
C: Coulomb integral

e S I

T

47!50

A: Exchange integral

| e DL

4nz, "\ Rig . Im

S: Overlap integral

577'[ ¢A(1)¢A(2)¢5(1)¢5(2M1 2

‘ Exchange Interaction and Bonding ‘

Triplet
Eele f+ ;—4 Tff;rrt?;i‘tm —I_
& Singlet &
Size of splitting defined as cS—A
exchange constantJ E, —E; =2 197 - -J

Generalization to many atoms:
Heisenberg Hamiltonian

H= Z ZZJUS/ -S;

i J#i

Ferromagnetic coupling for positive J 1 1
Antiferromagnetic for negative J




